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THOMAS ECKL

ABSTRACT. Let 7 : X — P2 be the blow-up of CP? in n points z; in very gen-
eral position, and let E; be the exceptional divisor over x;. For 0 < n <9 we
calculate Okounkov bodies of graded linear series given by sections of multiples
of line bundles 7* Op2 (d) ® O x (—m Y_-_; E;) with respect to a flag consisting
of a line on CP? and a point on the line in general position. Furthermore,
we show what Nagata’s Conjecture predicts on these Okounkov bodies when
n > 9.

0. INTRODUCTION

In 1996, Okounkov ([Oko96l [(Oko03]) constructed in a side remark convex poly-
topes associated to graded linear series on projective algebraic varieties, generaliz-
ing the construction of Newton polytopes associated to single polynomials and of
moment polytopes associated to toric varieties. As was made precise later on by
the work of Lazarsfeld and Mustatd [LM09] and Khovanskii and Kaveh [KKOS],
these (Newton-)Okounkov bodies encode invariants of the graded linear series. In
recent years there were also striking applications of this connection between Alge-
braic Geometry and Convex Geometry to the study of semigroups [KK12] and to
Symplectic Geometry [HK12].
However, Okounkov bodies are still difficult to explicitely calculate whenever we
leave the toric situation, even in simple settings on projective complex algebraic
surfaces (see e.g the challenge stated in [DKMSI3]). This is not too surprising, as
the geometry of Okounkov bodies is closely related to the structure of the cone of
big divisors on a projective algebraic variety, and this cone is known to have an
intricate structure for a long time. For example, it is still not known what the
big cone of CP? blown up in n > 9 points looks like (see [Laz04, Ch.5] for some
conjectures on the structure of the dual ample cone).
On the other hand, Lazarfeld’s and Mustata’s characterisation of Okounkov bodies
associated to complete linear series on projective complex algebraic surfaces ([LM09,
Thm.6.4], completed by [KLM13, Thm.B]) contains an algorithm to calculate these
Okounkov bodies when we have enough knowledge of the big cone of this surface.
Luszcz-Swidecka and Schmitz [ESS14] introduced further shortcuts to make the
algorithm more efficient.
In this note, we investigate the Okounkov bodies associated to certain complete
linear series on CP? blown up in n points in general position. We are able to
calculate the Okounkov bodies if n < 9 since the big cones of CP? blown up in
at most 9 points are well enough understood. The new technical ingredient is the
combination of the algorithms of Lazarsfeld and Mustata, with the amendments
in [KLM13], and the symmetry of the considered linear systems. As a surprising
1
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corollary we are able to predict the form of the Okounkov bodies for n > 9 using
Nagata’s Conjecture on the big cone of CP? blown up in more than 9 points:
The genericity of their form corresponds to the non-special behaviour of the linear
systems predicted by the Conjecture. For exact statements and proofs, see section [3]

1. OKOUNKOV BODIES ON SURFACES AND ZARISKI DECOMPOSITIONS

Assume from now on that all algebraic varieties are complex.

To prove the results in section [3, we need a characterisation of Okounkov bodies
of big R-divisors on smooth projective complex algebraic surfaces, first stated by
Lazarsfeld and Mustatd [LM09, Thm.6.4] and completed by Kiironya, Lozovanu
and Maclean [KLM13, Thm BJ:

Theorem 1.1. Let D be a big R-divisor on a smooth projective algebraic surface
X, and let Yo : X D C D {z} be an admissible flag on X, with C' an irreducible
and reduced curve on X and x € C a nonsingular point on C. Set

w=u(D;C) :=sup{s > 0|D — sC is big}.

Then there exist continuous functions a, f : [a, u] — Ry for some 0 < a < p with
a convexr and increasing, 8 concave, o < [, and both o and B piecewise linear
with rational slopes and only finitely many breakpoints such that the Okounkov body
Ay, (D) C ]Ri is the region bounded by the graphs of o and (3,

Ay, (D) ={(t.y) eRY|a <t < p,a(t) <y < B(t)}-

The proof of this characterisation relies on the notion of Zariski decompositions of
pseudo-effective R-divisors.

Definition 1.2. Let D be a pseudo-effective R-divisor on a smooth projective alge-
braic surface X. A decomposition D = P + N into a nef R-divisor P (the positive
part) and an effective R-divisor N (the negative part) is called a Zariski decomposi-
tion of D if P-C; = 0 for alli = 1,...,q and the intersection matriz (C;-Cj)i<i j<q
is negative-definite, where Cy,...,Cy are the reduced and irreducible components of
the support of N.

Existence and uniqueness of Zariski decompositions is a a classical result about
divisors on algebraic surfaces, proven e.g. in [Bad0ll, Thm.14.14] for Q-divisors,
but the proof generalizes to R-divisors.
Using Zariski decompositions the proof of Thm.[L.1]in [LM09] describes the constant
a and the functions «, 8 appearing in the statement in more details:

(i) a is the coefficient of C' in the support of the negative part N in the Zariski

decomposition D = P+ N.
(ii) If t >a and D, := D —t-C = P, + N; is a Zariski decomposition then

a(t) = ord, Nyc and B(t) = a(t) + C - P.

The breakpoints of the piecewise linear functions a(t), 5(t) appear when the Zariski
decomposition of D — t - C' considerably changes. This happens when the line
{D —t-C|t > a} crosses the border between two Zariski chambers of the big cone:
If D = Pp + Np is the Zariski decomposition of D define

Neg(D) := {C C X reduced and irreducible curve|C' C Supp(Np)}.
Furthermore, if P is nef, set
Null(P) := {C C X reduced and irreducible curve|C' - P = 0}
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and
Face(P) := Null(P)* N Nef(X).
Then the Zariski chamber of P is defined as
Y p :={D € Big(X)|Neg(D) = Null(P)},
and all the Zariski chambers cover the big cone (see [BKS04, § 1] for more details).
Using the Hodge Index Theorem [Har77, Thm.V.1.9] it is easy to show that a
non-empty set Null(P) consists of finitely many curves with negative-definite in-

tersection matrix. We also need a characterisation of the closure of the Zariski
chamber Y p:

Lemma 1.3 ([BKS04, Prop.1.8]). Xp is the cone generated by Face(P) and the
curves in Null(P).

Corollary 1.4. If P is a nef and big R-divisor, but not ample, then Null(P) # (.

Proof. If P is nef and big but not ample, P lies on the boundary of the nef cone
but still in the interior of the big cone. The nef cone is the Zariski chamber of any
divisor @ with Null(Q) = 0. Since all the Zariski chambers cover the big cone there
must be another nef divisor Q" with Null(Q’) # 0 such that P € ¥.. By Lem.
we can decompose P as

P=P + Z acC’,
CeNull(Q")

with P € Face(Q'). Since the intersection matrix of the finitely many curves in
Null(Q') is negative-definite and P - C = 0 for all C' € Null(Q’), this is a Zariski
decomposition of P. Since P is nef, P = P. Since P € Face(Q') we have

0 # Null(Q') C Null(P) = Null(P).
O

Finally, by definition the negative part of the Zariski decomposition varies linearly
in each Zariski chamber of the big cone. Consequently, breakpoints of the piecewise
linear functions «(t), 8(¢) in Thm. can only occur for parameters ¢ where the
line {D —t-C} crosses the border of a Zariski chamber Xp (see [KLMI3| Prop.2.1]
for further information).

Thus Thm. [I7] gives rise to an algorithm how to compute Okounkov bodies from
good enough knowledge of the big cone and its decomposition into Zariski chambers.
Note that the path given by the line {d—¢-C} can intersect the Zariski chambers of
the big cone in a rather complicated way. Luszcz-Swidecka and Schmitz’s algorithm
[LSSM] simplifies the path used for calculation considerably, but we do not need
these improvements in our situation.

2. CURVES ON P? BLOWN UP IN SEVERAL POINTS IN GENERAL POSITION

In this section we collect classically known facts on curves on P? and on P? blown up
in several points needed later on. For some of the proofs we refer to the literature
whereas we present others, for lack of clear reference, but without claiming any
originality. However we try to explain the use of (very) general position in the
arguments in more details than usual.

Let us first fix some notation. 7, : X, := X, (z1,...,2,) — P? is supposed to be

the blow up of P? in n points x1,...,z, € P? in general position and E; = 7, ! (x;)
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the exceptional divisor over z;. If L C P? denotes a line, then the Picard classes
€o, €1, ..., en of the line bundles

OXn (WZL)7 OXn (El)’ SR OXn,<ETL)

generate the Picard group A'(X,,) =Z-eo+ ., Z-e;. The canonical line bundle
represents the class k := —3eg +e1 + -+ - + €,.

Definition 2.1. An automorphism o of the free abelian group A'(X,,) is called a
Cremona isometry if the following properties are satisfied:
(i) o preserves the intersection form on AY(X,).
(ii) o leaves the canonical class k of X, fized.
(iii) o leaves the semigroup of effective classes invariant.

The group of Cremona isometries on X,, will be denoted by Cris(X,,).

Definition 2.2. The group W, of automorphisms of A'(X,,) generated by the
simple reflections s1,...,Sn_1,Sn given by

31(61) = 61‘_:,_1,8,'(61‘4_1) =e¢; and si(ej) =e€j fori=1,...,n—1,j 75 0+ 1,

sn(eo) = 2ep—e1—ea—e3, sp(e1) = eg—ea—es, sp(e2) = eg—e1—es, sp(e3) = eg—e1—ez
and s, (e;) =e; for j=4,...,n is called the Weyl group of X,,.

Proposition 2.3 ([Dol83] Thm.1, p.286]). W,, C Cris(X,,).

Furthermore, s € W, maps eg,e1,...,e, to classes e, €},..., el represented by
pullback of lines and exceptional divisors coming from another sequence of blow ups
in points yi,...,Yyn € P2. In that way, every s € W, induces a birational map of

the n-fold product (P?)™ of P? onto itself, by setting s(x1,...,Tn) = (Y1, Yn)-

The proposition implies the following principle: If C is a curve of class [C]
on X(z1,...,x,) then for every s € W, there exists an isomorphic curve on
X(s(x1,...,2,)) of class s([C]). Consequently, given a flat family of curves
C C X,(z1,...,7,) such that the 1,...,, vary in an open subset of (P2)" then
for a very general (z1,...,7,) € (P?)" there exists for every of the countably many
s € W, acurve C' C X,(x1,...,2,) isomorphic to a curve C of the family and of
class s([C]).

All that can be used to classify the exceptional curves of the first kind on X,,, that
is all nonsingular rational curves C' C X,, with C? = —1:

Theorem 2.4 ([Dol83| Cor.1, p.288]). There is a bijection between the set of ex-
ceptional curves of the first kind on X, and the orbit Wye,.

The main tool to prove this theorem is Noether’s Inequality:

Lemma 2.5 ([Dol83, p.288]). Let C be an irreducible curve of degree d on P?
passing through points x1, ..., x, with multiplicities my, > -+ > my, n > 3. Assume
that ma > 0 and that the strict transform C of C on the blow up X, of P2 in
T1,...,Zy 18 a nonsingular rational curve with —2 < 62 <1. Then:

d < mi+ mo + ms.

Noether’s Inequality can also be used to classify the classes of nonsingular rational
curves C' C X,, with C? = 0:

Proposition 2.6. There is a bijection between the classes of nonsingular rational
curves C with C% = 0 and the orbit W,,(eg — e1).
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Proof. The strict transform on X,, of a line L C P? running through z; but not
through zs,...,z, represents the class eg — e;. The principle above implies that
for all s € W, s(ep — e1) is also represented by a nonsingular rational curve with
self-intersection 0. Hence W, (eg — e1) is injected into the set of all classes of such
curves.

Vice versa, let C' be a nonsingular rational curve on X, (x1,...,x,) with self-
intersection 0 and let deg — mie; — -+ - — mye, be its class. Since (x1,...,x,) is
assumed to be very general there is a whole family of such curves in X, (z},...,z")
where (2], ...,2/,) varies in a Zariski-open subset of (P?)". Hence we can use the
principle above, and iteratively applying the simple reflections s1,...,s,-1 € W,
we obtain a nonsingular rational curve on X, (z1,...,z,) with self-intersection 0
representing deg — mie; — -+ — Myrey with n’ <n and my; > ... > my, > 0. We
distinguish three cases:

e n' = 1: Then (deg — mye;)? = d> —m?2 = 0 only if d = m;. Since a
nonsingular curve only vanishes with multiplicity 1 in a point, C' must be
of class eg — eq.

e n/ = 2: C cannot be the strict transform of the line L through z; and
x9 since (e — e; —e2)2 = —1. Then 0 < 7, (C)- L = d — my — mo
implies m; + ma < d, hence m3 + m3 < (my + ma)? < d?. Consequently,
(deg — mye; —maeq)? = 0 is impossible.

e 1/ > 3: We can apply Noether’s Inequality and conclude d < m +mg+ms.
Thus applying the simple reflection s,, (and the principle above) yields a
curve whose class has coefficient 2d — mq — mo — m3 < d for ey. The claim
follows by induction.

O

We are ready to prove the characterisation of the cone Big(X,,) (also denoted by
NE(X,) in the literature) for 0 < n < 8, using Mori theory. The main point is that
all these surfaces are del Pezzo (or Fano), that is, —Kx, is ample for 0 < n < 8
(IMan74, Thm.24.4)).

Theorem 2.7. If n =0, that is Xo = P2, then Big(X,) = R, - [L].

Ifn =1 then Big(X1) = Ry - [E1] + R, - ([7iL] - [E1)).

If n > 2 then Big(X,,) is generated (as a convex cone) by the finitely many classes
of exceptional curves of the first kind on X,,.

For 1 <n <8 the classes of exceptional curves of the first kind are given by

d|my mo m3z my ms mg my mg | #(n=2_8)

0] -1 8

1] 1 1 28

211 1 1 1 1 56

3| 2 1 1 1 1 1 1 56

4| 2 2 2 1 1 1 1 1 56

51 2 2 2 2 2 2 1 1 28

6| 3 2 2 2 2 2 2 2 8
This table should be read as follows: For fixred n between 1 and 8 only those rows
in the table matter where myy1 = --- = mg = 0. In each row there is exactly one
exceptional line for each permutation of (mq,...,my), and the number of all such

permutations is recorded in the last column.
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Proof. The case n = 0 is obvious.

If n = 1 then E? = —1,F; - Kx, = —1 show that [F;] generates an extremal
ray, by the classification of extremal rays ([Mat02, Thm.1.4.8]). Furthermore the
linear system |77 L — E;| induces the projection of X; to P, with fibers = P!, and
(7j L—E4)-Kx, = —2 shows that [1] L— E7] generates an extremal ray, again by the
classification of extremal rays. Since —Kx, is ample, the Cone Theorem [Mat02,
Thm.1.3.1] implies that Big(X;) is generated (as a convex cone) by finitely many
extremal rays. Since dimg Al(X 1)r = 2 there cannot be more than 2 extremal rays
in this case.

If 2 < n < 8 nonsingular rational curves of self-intersection 0 on X,, represent
classes in W, (eg — e1), by Prop. 2.6l But eg —e1 = (eg — e1 — €2) + €2 is a sum of
exceptional curves of the first kmd, hence this class does not generate an extremal
ray of Big(X). Since exceptional curves of the first kind represent all classes in W, e;
by Thm. it follows that a nonsingular rational curve of self-intersection 0 cannot
be an extremal ray of Big(X,,). Consequently, the only possible extremal rays of
Big(X,,) are exceptional curves of the first kind, by the classification of extremal
rays, and since —Kx, is ample, they generate Big(X,,) by the Cone Theorem.
The table is obtained by calculating the orbit Wye; (see [Man4l, p.135]). O

This characterisation of the big cone of X, can be used to calculate multipoint
Seshadri constants on P?:

Corollary 2.8. Let e, := ep2(L; a1, ..., xy,) = sup{t > 0|7 L—t->_" | E; is ample}

denote the n-point Seshadri constant of the divisor L on P2. For 1 < n < 9 it is
given by the following table:

n|1][2]3

T T

el 1313

8
G

wliH ©

‘17

|

|
Proof. As shown in Thm. - 2.7] the convex cone Big(X,,) is generated by finitely
many extremal rays for 1 < n < 8. Kleiman’s Criterion [Laz04, Thm.1.4.29] tells
us that the Seshadri constant €, is the maximal number ¢ such that the intersection
of mAL —t-3 1 | E; with all exceptional curves of the first kind (and 7jL — Ey if
n = 1) is non-negative. This maximum can be read off the table in
€9 = % holds because Nagata’s Conjecture is true for square numbers [Laz04]
Rem.5.1.14]. O

Conjecture 2.9 (Nagata). Forn > 9 we have €, = 1/y/n.

3. CALCULATION OF OKOUNKOV BODIES

Let L C P? be a line and y € L a point, let 7, : X,, — P? be the blow up of P?
in n points x1,...,x, in very general position, and let E; = 7, !(x;) denote the
exceptional line over x;. Then for positive integers d, m we consider divisors of the

form
k

Lydm = drL —m - Z E;
i=1
and study the Okounkov bodies Ay, (L, 4.m) := Ay.(V.(n’d’m)) associated to the

complete linear series

vimdm) — gylmdmiy = {H (X, Ox, (kLn.am) een



ITERATIVE DISSECTION OF OKOUNKOV BODIES 7

with respect to the flag Y,y : X,, D 7, 1(L) D {m, (y)} (see [LM0O9] for notation,
constructions and proofs).
To this purpose we first recall a fact that shows the inclusions

(1) Ay, (V™) € Ay, (V™) s,

Proposition 3.1~(see IDKMS13, Prop.4.1]). Let X be a smooth projective algebmif
surface and ™ : X — X the blow up of X in a point p € X. Denote by E C X
the exceptional line over p, and let Y C X be a smooth irreducible curve such that
p€Y andy €Y a point, constituting an admissible flagYe : X DY D {y} on X
that can also be taken as an admissible flag on X. Finally, let L be a divisor on X.
Then for any k € N:
Ay, (7L — k- E) C Ay, (L) C R
Proof. For all n € N there is a natural inclusion
H(X,0%(nm*L —nk - E)) < H°(X,Ox(nL))

identifying sections of O (nm*L — nk - E) with sections of Ox(nL) having multi-
plicity > nk in p. Identified sections are equal when identifying the line bundles
Ogx(nm*L —nk - E) and Ox(nL) on X — {p} = X — E. Hence the valuations of
these sections calculated with respect to the flag Y, are equal, and the inclusion of
Okounkov bodies follows. O

Applying this proposition to an iterative sequence of blow ups can be used to define
the following notion:

Corollary-Definition 3.2. Let X be a smooth projective algebraic surface, and
X=X&x,2...22x,=X
a sequence of blow ups in points p; € X;, i = 0,...,n— 1. Let Dy,...,D, be
divisors on X, ..., X, such that
m; D1 — D; is effective and (m;)«(D;) = D;—1, i=1,...,n.
Let Y C X be a smooth irreducible curve and y € Y a point such that
po,(moo...om)pi) € Y, i = 1,...,n— 1. Consider the admissible flag
Yo : X DY D {y} which also can be seen as an admissible flag on all the X,
i=1,...,n. Then:
Ay. (D()) D) Ay. (Dl) DD Ay. (Dn)
This chain of inclusions is called the iterative Okounkov body dissection associated
to m,...,my and D, (and the flag Y, ). |

The next theorem shows how the Okounkov bodies Ay, (Ly m,q) with fixed n but
varying d, m can be calculated from each other. The main reason for this connection
is that the curve L in the flag Y, is so closely linked to the divisors Ly, 4.
Theorem 3.3. With notation as above, choose n,d,m such that L, qm s big.
Then for all d',m’ such that € := ’g—,/ > =¢,

1 1 .

7 Avi(Lnam) = dese(5 - Avi(Lnam)) N Ay, (1, L)
where

(2) ¢ 1R 5 R, (2,9) =1 (2= 1,9) +(1,0)
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is the radial rescaling of R? by a factor v with center (1,0).

Proof. The proof of Prop. and a standard calculation of Okounkov bodies (see
[KMS12, Ex.2.3(a)]) show that

Ay, (miL) = Ay, (L) = {(z,y) € R*|0 < 2,y,z +y < 1},

the 2-simplex. By Cor. 3.2] and a simple rescaling property of Okounkov bodies,
LAy, (Lnam) and % - Ay, (Lp,a,m') are both contained in Ay, (7} L). To apply
Thm. t0 Ly a.m we set

n
pte :=sup{t > 0|(1 — t)m;L — € > Ej is big}.
i=1
Then there exist a constant 0 < a, < p and functions «., . : [ac, ] — Ry such
that

1
E : AY. (Ln,d,m) = {(t7y) S Ri|ae S t S Neaae(t) S Yy S ﬂe(t)}

As discussed above a. is the coefficient of the irreducible divisor (L) in the
negative part N, of the Zariski decomposition 7L — € - 2211 FE; = P. + N.. But
7, 1(L) cannot appear in the support of N, because the intersection matrix of the
irreducible components of this support must be negative-definite, by Def.[1.2] Hence
a. = 0.

The functions a.(t), B:(t) are defined on the interval [0, yt¢] using the Zariski de-

compositions

n n
Dy . ZZ?T,ZL—é-ZEi—t-?T:LL: (1—1%) -W;L—E'ZEi =P+ Nep,
i=1 i=1

by ae(t) = ord, N, -1y and Be(t) = ae(t) + 7, (L) - Pr,e.
When we replace € by ¢ the same formulas hold for a,ae,Be as long as
miL — € - > | E; is pseudoeffective, that is e > 0. Note that Dy = €' /e Dy,
where s = €//e- (t — 1) + 1. Furthermore, €'/e- D, =€ /e- P, e+ € /e- Ny is a
Zariski decomposition and ¢e /(t,y) = (s,€ /e - y). Finally € > ¢ implies that for
all s € [0, 1] there exists a t € [0, ue] such that s = €' /e- (t — 1) + 1. The claim
follows.

The claim also remains true if 7, L — €' Y. | E; is not any longer pseudo-effective:
Then pe < 0, and ¢ /(3 - Ay, (Ln,am)) C {(z,y) € R* : & < 0} does not intersect
Ay, (L). O

Note that the theorem can be applied for every n  because
Lpdgm = mL —m - Z?:l FE; is ample and hence big whenever % is small
enough: If C C X is a reduced and irreducible curve such that C' := Wn(é) is also a
curve , then C is linearly equivalent to the divisor deg(C) i L= mult,, (C)-E;.

Since mult,, (C') < deg(C) the inequality % < L implies

Lndm-C =d-deg(C) —m Y mult,,(C) > 0.
=1

Since also Ly gm - E;i =m > 0and L}, ;> 0 for m < d, the Nakai-Moishezon
Criterion [Laz04, Thm.1.2.23] implies that L,, 4., is ample.
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By the rescaling property of Okounkov bodies, the analogon to also holds for
R-divisors of the form 7L —€- > " | E; for arbitrary e € R: For ¢ > € and
L —e->" | E; R-big,
(3) Ay,(mpL =€ Y Ej) = doje(Av, (myL — e > Ei)) N Ay, (L).

i=1 i=1

The next theorem calculates these Okounkov bodies when

n
€:=¢€, :=e€p2(L;xq,...,x,) :=sup{t >0|m L —t- Z E; is ample}
i=1
is the multi-point Seshadri constant of the ample divisor L on P? in the points
r1,...,2, € P2, Note that ep2(L;21,...,,) is predicted to be irrational if n > 9
is not a square number, by Nagata’s Conjecture (see Sec. .

Theorem 3.4. Setting D,, := 7L — ¢, Z:-L:l FE;, the Okounkov body of D, is
AY-(DH) = {tl : (Divo) +i2- (07 1)‘0 <ty,to,ty +t2 < 1}7
the convex hull of the points (0,0), (D2,0) and (0,1) € R2.

Proof. If the nef divisor D,, is not big then the constant p(D,,L) of Thm.
vanishes. On the other hand, the negative part of the Zariski decomposition of D,,
is 0, hence Ay, (D,,) is the segment in R? joining (0,0) and (0,1), by Thm.

If the nef divisor D,, is big, the set Null(D,,) introduced in section [l is non-empty
by Cor. and it consists of a finite number of irreducible and reduced curves
Cy,...,Cg on )~(n with negative-definite intersection matrix. The curve C; cannot
be one of the exceptional divisors E; since then D,, - C; = ep2(L; x1,...,xy,) > 0.
Hence each C} is linearly equivalent to a divisor of the form d;m; L — Z;.l:l my, By,
with d; > 0,m,; > 0, and we say that C; is of class (dj;mij,...,my ;). Since
C’]2 < 0 there is at most one curve in Null(D,,) of a certain class.

Now, the set of classes of curves in Null(D,,) is invariant when the multiplicities
mai, ..., my are permuted because such permutations are generated by elements of
the Weyl group W,,, and we can apply the principle discussed in Sec.

This implies that }ccna(p,) C is linearly equivalent to ar; L —b- S E;, with
a,b > 0. Furthermore, there are k,t > 0 such that

Dn=k-mL+t- Y  C:
CeNull(D,,)

b,ep2(L;x1,...,2,) > 0 imply ¢t > 0. Since the intersection matrix of the C; is
negative-definite we have (3_cenun(p, ) C)? < 0. Consequently

0=D,- > C=ka+t-( » C)
CeNull(D,,) CeNull(D,,)

implies k > 0.
Furthermore, k& = jfiz:r(Dy) := max{s|D, — sm;L pseudoeffective}: Since
D, —stiL = (k—s)miL+1t- > cenul(p,) C 18 pseudoeffective and D, is nef,
we have

0<Dy-[(k—s)mpL+t- Y  Cl=k-s,

CeNull(D,,)

so s < k. On the other hand, D, —kn L =t ZCGNHII(D”) C' is pseudoeffective.
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Consequently, D,, — st L € Xp, for all 0 < s < jir- 1(Dy), by Lem. E

The form of Ay, (D,,) then follows from Thm. The a-function is constantly 0
ife ¢ UCGNHH(DW) Supp(7,(C)), and the S-function is linear since the line given by
D,, — sm; L always runs through the closure of the same Zariski chamber. Further-
more, the domain of the a- and the S-function is [0, k], and §(0) = D,, - 7;L = 1.
Since the area of Ay, (D,,) is half of the volume of D,, ([LM09, Thm.A]), that is
D2 /2 as D, is nef ([Laz04, Cor.1.4.41 & Def.2.2.31]), it follows that k = D2. O

Using the facts on Seshadri constants collected in Sec. 2| we can finally calculate
the Okounkov bodies Ay, (Ly 4,m), or at least predict their form.

Theorem 3.5. Nagata’s Conjecture holds for n > 9 if and only if for d > /n-m
the Okounkov body Ay,(Ly, dm) is the convexr hull of (0,0), (d — /n - m,0),
(d—+/n-m,y/n-m) and (0,d), that is a vertical strip in the triangle with cor-
ners (0,0), (d,0) and (0,d).

Proof. Nagata’s Conjecture (see Conj. predicts for n > 9 that

= 1
Dl =(mL—en Y E)’=1-n-—75=0.
i=1 Vn

Consequently, the Okounkov body Ay, (D,,) is the line segment connecting (0, 0)
and (0,1), by Thm. [3.4] Rescaling and (3)) yield the predicted form of Ay, (Ln,d,m)-
Vice versa, if Ay, (L q4,m) is the vertical strip described in the statement, and

rescaling show that Ay, (7L — ﬁ ¢, E;) is the line segment connecting (0, 0)

and (0,1). Then Thm. [3.4 implies that D, = 7L — ﬁ i E;, that is

€p —

5i-

]

Theorem 3.6. The Okounkov body Ay, (7} L) is the triangle in R* with corners
(0,0), (1,0) and (0,1).

For 1 < n < 8 the Okounkov body Ay, (miL — +>°" | E;) is a quadrilateral in
R? with corners (0,0), (6,,0), (€,,1 —¢€,) and (0,1), where €, = 1 — i and
Op =1 — "5~

The values of €,, €, and 6, forn=1,...,8 are summarized in the following table:
n|l 2 3 45 6 7 8
€n | 1 I 1 1 2 2 3 6
AN PR S R A R A S
PR T S G O B G
n|{3 3 2 3 3 5 8 17
The iterative Okounkov body dissection associated to my,...,mg and ﬂgL—% 2?21 E;

is given by the diagram below.
The Okounkov bodies Ay, (Lna,m), n < 9, are obtained from Ay, (m;L—% 3" | E;)
using (@ and rescaling.

Proof. Ay, (L) can be calculated directly from Thm.

The statements on Ay, (miL — £ >, E;) and Ay, (Ly,am) for 1 < n < 9 are
direct consequences of Thm. the list of Seshadri constants in Cor. and the
rescaling formula . O
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