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Chapter 1

Introduction

A bifurcation of a dynamical system occurs when the parameter value of
a system changes such that it causes a sudden qualitative change in its
behaviour. Bifurcations occur in both continuous systems and discrete sys-
tems. I will only consider bifurcations in discrete systems.

Before studying bifurcation I will start by analysing the stability of ordinary
differential equations both linear and non-linear with an arbitrary constant
and look at how this constant affects the stability of stationary points. I
will then go on to study bifurcation theory.

In this project I will study the different types of bifurcations that can arise
in ordinary differential equations, the necessary conditions for each type of
bifurcation to occur and the normal form.

I will then go on to consider systems of ordinary differential equations.
Systems of ordinary differential equations can usually only be solved an-
alytically if the system is linear. I will look at the method for solving linear
systems as well as looking at the method of linearisation so that I can solve
non-linear systems analytically close to an equilibrium point. I will then
consider systems of ordinary differential equations with a parameter and
study Hopf bifurcation.



Chapter 2
Definitions

Autonomous equation: Cfi—f = f(x) is called an autonomous equation because
the differential equation does not explicitly depend on the independent vari-
able, here denoted t for time. This means that the equation is ’timeless’,

the solution will be the same regardless of when in time it occurs.

Equilibrium: A state in which the system does not change with time, in
particular the state variables remain constant.

Trajectory: A curve traced by the solution of a differential equation.

Phase portrait: A geometric representation of the set of trajectories of a
dynamical system in the phase plane.

Non-hyperbolic: An equilibrium point z* of % = f(x) is called non-hyperbolic
se Of (o %\
if Z2(z*) =0.

ozr

Bifurcation: A bifurcation of a dynamical system is a qualitative change
in its dynamics produced by varying parameters.



Chapter 3

Ordinary Differential
Equations

Ordinary differential equations are functions of one independent variable and
its derivatives. Here I will look at how to find the stability of equilibrium
point of ODEs and how to determine the equilibrium’s stability.

3.1 Linear Equations

Consider the equation %‘f = ax where a is a non-zero constant.

The solution is = zge®. The equilibrium occurs at when C(li—f = 0 that
is when ax = 0 this happens when x = 0. Whether the equilibrium is stable
or unstable depends on whether a%(a:r) is positive or negative. In this case
that means it depends on whether the constant a is positive or negative.

Therefore there are two cases for the stability, when a < 0 and when a > 0.

If @ > 0 then x+ — +00 when t — 0. For a > 0 fl—f increases as ax in-
creases and Ccll—f decreases as ax decreases, this means that the equilibrium
point is unstable.

If a < 0 then £ — 0 when t — oco. For a < 0 ‘fl—f decreases as ax in-
creases and ‘fl—f increases as ax decreases, this means that the equilibrium
point is stable.



(a) a positive (b) a negative

Figure 3.1: Plot of rate of change for linear differential equation % = ax.

Arrows on the z-axis give direction of evolution of solution.

3.2 Non-linear Equations

With linear ordinary differential equations it is always possible to find an
analytic solution. However with non-linear equations there can be many
possible solutions, this results in more than one equilibrium. The simplest
non-linear equation is quadratic.

3.2.1 Quadratic right hand side

Consider the equation % = f(z) = ax(zr—1), where a is a non-zero constant.

The equilibrium occurs when % = 0 this happens when either z = 0 or

x = 1. Therefore this equation has 2 equilibrium points x = 0 and « = 1.

To establish the stability of the equilibrium points we need to look at the
derivative of the right hand side at the equilibrium point. When the deriva-
tive of the right hand side is negative the equilibrium point is stable. When

the derivative is positive the equilibrium point is unstable.

Here f'(z) = a(xz — 1) + ax. Again, like the linear system, the stability
depends on the constant a.

When a > 0;
x =0 f'(z) = —a < 0 therefore the equilibrium point is stable.

x =1 f'(z) = a > 0 therefore the equilibrium point is unstable.



When a < 0;
x =0 f'(z) = —a > 0 therefore the equilibrium point is unstable.

x =1 f'(z) = a < 0 therefore the equilibrium point is stable.

X
(a) a positive (b) a negative

. . . . . . de
Figure 3.2: Plot of rate of change for quadratic differential equation & =

ax(x — 1). Arrows on the z-axis give direction of evolution of solution.

3.2.2 Cubic right hand side
Consider the equation fT]; = f(z) = ax(zx — 1)(z — 2)

The equation has equilibrium at x =0, z =1 and = = 2.

f'(z) = 3ax® — 6ax + 2a. Again the stability of these equilibrium point
depends on the sign of the constant a.

When a > 0;

x =0 f'(0) = 2a > 0 therefore the equilibrium point is unstable.
x =1 f'(1) = —a < 0 therefore the equilibrium point is stable.
x =2 f'(2) = 2a > 0 therefore the equilibrium point is unstable.

When a < 0;



x =0 f'(0) = 2a < 0 therefore the equilibrium point is stable.
x =1 f'(1) = —a > 0 therefore the equilibrium point is unstable.

x =2 f'(2) = 2a < 0 therefore the equilibrium point is stable.

(a) a positive (b) a negative

Figure 3.3: Plot of rate of change for cubic differential equation % = ax(x—

1)(x — 2). Arrows on the z-axis give direction of evolution of solution.

Non-linear differential equations can have many equilibria, the stability of
each equilibrium point alternates, and so if you know the stability of one
equilibrium point you can work out the stability of all the other points with-
out further calculation, provided all of the equilibriums are non-hyperbolic.



Chapter 4

Fold Bifurcation

Here we will consider non-linear differential equations with a parameter. I

will consider how the parameter ¢ affects stability. The value of the ¢ for

which the equilibrium is non-hyperbolic, that is %(:p,c) = 0, is called a

bifurcation point.

4.1 Example

Consider the equation

d
d—f = f(z,e)=z(x—1)+¢c
where ¢ is a parameter.

The equilibrium occurs when ”Cll—‘f = 0 that is 22 — 2 + ¢ = 0 this can be

solved using the quadratic equation giving;

1=V 1 1
2

2 4

x —C

Therefore there are two equilibrium points. The equilibrium points only
exist when ¢ < i due to the square root.

To analyse the stability of the equilibrium points we need to look at 7
at these points.

%(%,/5_0,0):2(% %—c)—1:2( %—c)>0.

Therefore this equilibrium point is unstable and only exists when ¢ <

ENT,

When ¢ = %, % = 0 this means the equilibrium is non-hyperbolic.



%(%_,/i_qc):g(%_ i_c)_1=_z(1/%_c)<o.
Therefore this equilibrium point is stable and exists when ¢ < %. When
c= i the equilibrium is non-hyperbolic.

The equilibrium point is non-hyperbolic at (x,c) = (%,%) at this point
bifurcation occurs and both equilibrium points disappear. This is fold bi-
furcation.

-14

Figure 4.1: Bifurcation Diagram for fold bifurcation on ‘fl—f =ax(zx—1)+c.

The dashed line represents an unstable equilibrium and the solid line a stable
equilibrium. The arrows give direction of evolution of solution.

4.2 Normal form

To find a general way to describe fold bifurcation it is useful to bring equa-
tions to the normal form. Once the equations are in normal form there
is only four possible options for the orientation and stability. All equations
that have fold bifurcation can be transformed into one of these normal forms.

Consider the equation;
dx

o (CL',C)

dt
Assume z* is an equilibrium value and ¢* is a bifurcation value.

This means f(x*,¢*) = 0 and %(1‘*,0*) =0.
To anaylse the equilibrium and bifurcation point we need to analyse the

normal form.

10



If we introduce £ = =z — x* and ¢ = ¢ — ¢*. The equilibrium now occurs
at £ = 0 and the bifurcation now occurs at ¢ = 0.

Because the new ODE has equilibrium at (0,0) we can use the Maclaurin
expansion, which is the Taylor series expansion of a function about (0,0).
Because f/(0,0) = 0 we need only expand the function up to second order
terms.

The Maclaurin expansion;

of
5

2f jQ 82]0

2
o°f
027 (©, 0>?+a§;aa

82

L1
5

f(z,¢) = £(0,0)+—==(0,0)z+—==(0,0)c+ (0,0)zc+ (0, 0)

2

Because f(0,0) = 0 and %(O, 0) = 0 the equation becomes

2

f( ) fcc+fxm +f +f55.’7€5

- 1 B 1 "
f(z,¢) = fec+ §f5:5962 + §faac2 + fzexc

Now we can complete the square.

2 2
f(j?,é):fgé—i—i( 3T + \/;x%~> < fez xaz)éQ

2

¢ is small therefore ¢ is negligible and so can be ignored. This allows me
to remove the third term. I could also remove everything involving & from
the second term however keeping them will not affect the normal form but
will slightly improve accuracy and so I shall keep the second term as it is.
This leaves us with;

f(i'7é> = féé“v‘% < fmcx—F \/f%~>

Letc—fccandm_\[(\/gq;_g_ f&~)

This gives the normal form of fold bifurcation;

d
d":—:l:ci:c

The sign of ¢ is the same as the sign of g—f

. . 2
The sign of 22 is the same as %.

11



For bifurcation to occur the equilibrium must be non-hyperbolic, that is,
% = 0. For fold bifurcation to occur the following two properties must hold

2
%#Oand%#o.

(a) 2’ =c+ 2 (b) 2’ = —¢c — 2? (c) 2’ =c— a? (d) 2’ = —c + 22

Figure 4.2: Fold bifurcation. Normal form. Four plots correspond to 4
different cases

From the normal form diagrams it can be seen that whether ¢ and z? are
positive or negative effect the type of fold bifurcation. If ¢ and z? are the
same sign then the equilibriums vanishe at ¢ = 0 and if they are different
signs the equilibriums appear at ¢ = 0. If z2 is negative the equilibriums
are stable when z > 0 and unstable when z < 0. If 22 is positive the
equilibriums are stable when z < 0 and unstable when x > 0.

12



Chapter 5

Transcritical bifurcation

5.1 Example 1

Consider the equation

dx
o = J(w,¢) = ag(w,0) = 2w — 1+0)

The equation has equilibria at r =0and z =1 —c.

%:2x—1+c

Equilibrium at x = 0.
of
o
Therefore the equilibrium is stable when ¢ < 1 and unstable when ¢ > 1 and
non-hyperbolic when ¢ = 1.

(076):_1+C

Equilibrium at . =1 —¢.
of
ox

Therefore the equilibrium is stable when ¢ > 1 and unstable when ¢ < 1 and
non-hyperbolic when ¢ = 1.

(1-cc)=1-c

This bifurcation point cannot be a fold bifurcation point because x = 0
is always an equilibrium point regardless of the parameter ¢ and so exists
before and after the bifurcation point. In fold bifurcation we have a change
from zero to two equilibrium depending on the value of the parameter c.
The bifurcation point here is a transcritical bifurcation point. In transcriti-
cal bifurcation two equilibriums collide and their stability is exchanged.

Transcritical bifurcation occurs at the fixed point (z,¢) = (0,1), at this
point the equilibriums collide and their stability is exchanged.

13



Figure 5.1: Bifurcation Diagram for transcritical bifurcation on %f =z(x —

1+¢). The dashed line represents an unstable equilibrium and the solid line
a stable equilibrium. The arrows give direction of evolution of solution.

5.2 Example 2

Consider the equation

d
o f(z,¢) = z(ax(z — 1) + ¢)
dt
The equation has one equilibrium at = 0 and another equilibrium at

T = % + i — ¢, the same as the fold bifurcation example, which is non-

hyperbolic when x = %, c=1.

The partial derivative is % = 3az? — 2ax + ¢

%(0,0) = ¢ and so the equilibrium is stable when ¢ < 0 and unstable
when ¢ > 0 and non-hyperbolic when ¢ = 0. Therefore (0, 0) is a bifurcation
point, because the equilibrium x = 0 exists before and after the bifurcation
point this is a transcritcal bifurcation.

At x = %,c = i fold bifurcation occurs, we have the same stability as
the fold bifurcation example, that is unstable when z > % and stable when

1

14
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Figure 5.2: Bifurcation diagram for the coexisting transcritical and fold bi-
furcation simultaneously occurring on fl—‘f = z(ax(x—1)+c). The dashed line
represents an unstable equilibrium and the solid line a stable equilibrium.
The arrows give direction of evolution of solution.

For the equilibrium = 0 you can see that the equilibrium is stable when
¢ < 0 and unstable when ¢ > 0.

1

The equilibrium z = % + — ¢ is unstable for ¢ < 3 and vanishes at

Al B

the fold bifurcation point ¢ =

The equilibrium % — 4/ i — ¢ is unstable when ¢ < 0 at ¢ = 0 transcriti-

cal bifurcation occurs and so the equilibrium is stable for 0 < ¢ < i. At
c= i fold bifurcation occurs and the equilibrium vanishes.

5.3 Normal form

To make standard analysis we need to bring the equation to the normal form.

Consider the ODE
dx

E =
with non-hyperbolic equilibrium at (z*, ¢*). That is g(z*,¢*) = 0.

zg(x,c)

In order to use the Taylor expansion I will introduce the change of vari-
ables;

*

I=xz—z* ¢=c—c*

15



I can now use the Taylor expansion, in this case we need only the first order
terms.

dg

f(z,6) =2 <g(0,0) + 3%(0,0)@ + 220, 0)5)

Remember ¢(0,0) = 0 and so the expansion becomes;

f(#,6) =% ((%(o,o):z + gg(o, 0)&)

F(#,6) = (957 + go@)
f(#,8) = gz3* + geti
f(.0) = i (ﬁx T

Let x = \/g7% and ¢ = js%é

The normal form is therefore

In transcritical bifurcation there are two equilibriums and one bifurcation
point. One equilibrium point exists regardless of parameter ¢ and so the
equilibrium point exists before and after the bifurcation point. The stabil-
ity of the two equilibrium points changes when the equilibria collide.

2
The conditions for transcritical bifurcation to occur are % =0 and % # 0.

(a) ' =x(c—2z) ()2’ =z(x—c) (c)d'=2z(x+c) () 2" =z(—x—c)

Figure 5.3: Transcritical bifurcation normal forms

16



Chapter 6

Pitchfork Bifurcation

Pitchfork bifurcation occurs when the function f(x,c) is odd, that is when
f(—=z,¢) = —f(z,c), and when there is an equilibrium point at z = 0.
6.1 Example

Consider the equation

d
d—f = f(x,¢) = zc — 423

First confirm that f(z,c) is odd.

f(=z,¢) = —xc+ 4% = — f(z,c)

f(z,c) has equilibrium at when f(z,c¢) = 0 that is when xc — 423 = 0

2y _ : — — 4 e
x(c — 4x®) = 0 this happens when x = 0 and z = +¥°.
The derivative of the right hand side is % =c— 1222

When z = 0;
of
oz
Therefore the equilibrium at x = 0 is stable when ¢ < 0, unstable when
¢ > 0 and non-hyperbolic when ¢ = 0.

(0,¢) =c—12(0)> = ¢

eV

The equilibriums at * = == can only occur when ¢ > 0 because of the
Ve.

of (Ve /)

— (= =c—12 = -2

o (5= () =

17
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Figure 6.1: Bifurcation diagram for pitchfork bifurcation on % = zc — 423

with stability shown on the cross section

And so the equilibrium point at z = i% is always stable.

This is an example of supercritical pitchfork bifurcation.

6.2 Normal form

To make standard analysis we need to bring the equation to the normal form.

Consider the equation
dx

E:f(xvc)

Where f(z,c) is an odd function, that is f(—z,c) = — f(z, ).
Assume non-hyperbolic equilibrium at z = x*, ¢ = ¢*.
Therefore f(z*,c*) =0 and %(x*,c*) = 0.

Let & = x—x* , ¢ = ¢c—c*. There is now non-hyperbolic equilibrium at (0, 0).

I can now use the Taylor expansion;

of of 0% f 2 9% f

o - ~ Z —
f(LU,C) - f(070> + %(070)*% + %(0,0)C—F 972 (070)? + 85:8~(O’O) ¢
0% f @ 93f @ 0f e O3f zé?
o (0 0)5 NG (O’O)F + 623386(0’ 0)7 + 855826(0’ O)T
3 f &
+a5: 007G

18



£(0,0) = 0 due to the equilibrium at (0, 0).

And because the equilibrium is non-hyperbolic, a necessary condition for
all bifurcation, 9£(0,0) = 0.

Because f is an odd function, all terms that involve Z to even powers are
zero, and derivatives that involve even powers of Z are zero.

If % # 0 even though the equilibrium is non-hyperbolic bifurcation does
not occur. All terms involving & are small and so can be neglected. I shall
only neglect the terms that involve ¢ only.

Therefore the expansion becomes;

. jep . @\ o
f@8=2 (axae” a:za@z) 933 6

The normal form of pitchfork bifurcation is therefore

d
&~ fer 448
dt

Pitchfork Bifurcation has two types of normal forms; supercritical and sub-
critical. Whether the bifurcation is supercritical and subcritical depends on
the sign of 2 in the normal form.

dx

S = Tcx — 23 is the supercritical pitchfork normal form.

19
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(a) 2’ = x(—c — 2?) (b) 2’ = z(c — 2?)
Figure 6.2: Supercritical pitchfork normal form

dr _ 4ep + 23 is the subcritical pitchfork normal form.

dt
~
e x 2 x 2 -
~ PR
~ -~
~ ~
~ e
N 1 g
N /
N /
\ 1
R R
¢ / \
/ N\
A -11 \
7 ~
- .
- S
- S~
-~ 3 ] "N‘.\
P
(a) 2’ = x(c+ 2?) (b) 2’ = z(—c + 2?)

Figure 6.3: Subcritical pitchfork normal form

For pitchfork bifurcation to occur we must have % —0, 2f = 0, aajg - # 0,

. » dc?
oo # 0 and G2 0.

In pitchfork bifurcation the ODE either goes from having three equilib-
rium points before bifurcation to one after the pitchfork bifurcation point.
Alternatively it goes from having one equilibrium point before bifurcation
to three equilibrium points after pitchfork bifurcation.

20



Chapter 7

Systems of Ordinary
Differential Equations

7.1 System of Linear Equations
7.1.1 General solution
Consider the equations;

%7? = aju + ajgv
G = 021U + a2V

where aq1, a12, as1 and aso are all positive constants.
The system of linear equations can be rewritten as
% az a2 v
By using the Jacobian of the linear system, here
J ( ail a2 >
az1 G2
and the characteristic equation;
det(J —AI) =0
the eigenvalues can be calculated.

In this example the characteristic equation would be;

ainr — A a2

=0.
ao1 a2 — A

21



And so the eigenvalues can be calculated by solving for A;
(a11 — A)(age — X) — aizaz1 =0

A2 — (a11 + ago)\ + arraz — ajzaz =0

(a11 + ag2) £ /(a1 + a2)? — 4(ar1asz — ajzas)
2

>\17)‘2 =

Notice that a1 + asa = trace(J) and ajjage — ajea9; = det(J) and so the
equation becomes;

TrJ £ \/(TrJ)? — 4(detJ)

A1, A = 5

If the eigenvalues are real and distinct the solution of the equation is

T = clgleht + 62§2€)\2t

Where e, 5 are the eigenvectors corresponding to eigenvalues A1 2 and ¢y, co
are arbitrary constants.

If the eigenvalues are repeated, that is Ay = Ao = A, the solution of the
equation is
x=(c1 + cyﬁ)ge’\lt

Where e is the eigenvector corresponding to eigenvalue A and ¢y, co are ar-

bitrary constants.

If the eigenvalues are complex, that is A = « £ B¢, the solution of the
equation is
x = e™(cieq cos Bt + coey sin ft)

Where e, is the eigenvector corresponding to A = av+ i and e is the eigen-
vector corresponding to A = « — B¢ and c1, co are arbitrary constants.

The constants in each of the solutions are given by the initial conditions.

e; is an eigenvector of matrix A if Ae; = Aje;. If this equation is satis-
fied A; is an eigenvalue and e, is the eigenvector.

7.1.2 Types of stationary points

Again consider the equations;

d%‘ = Q11U + a12v
% = Q21U + av

22



where aq1, a2, as1 and a9 are all positive constants.

At the equilibrium points both variables v and v do not change with re-
spect to time.

Equilibrium can be classified by considering the eigenvalues of the linear
system. The number of eigenvalues is equal to the number of state vari-
ables, in this case there will be two eigenvalues.

If none of the eigenvalues have zero real part the equilibrium is hyperbolic.

If the eigenvalues are real (TrJ > 4detJ) and negative: The equi-
librium is a sink node which is a stable node. A stable node means that if
there is a random pertubation at the equilibrium point the system always
returns back to the equilibrium point after the disturbance.

If all of the eigenvalues are real (TrJ > 4detJ) and positive: The
equilibrium is a source node which is an unstable node. An unstable node is
where after a small disturbance the system moves away from the equilibrium
point.

If all of the eigenvalues are real (7rJ > 4detJ) and one is posi-
tive and one is negative (\/(77J)2 — 4detJ > Tr.J): The equilibrium is
a saddle point. A saddle point is always unstable.

If the eigenvalues are complex cunjugate (Tr.J > 4detJ) with nega-
tive real part (7T'rJ < 0): The focus is a spiral sink which is stable.

If the eigenvalues are complex cunjugate (7rJ > 4detJ) with posi-
tive real part (7rJ > 0): The focus is a spiral source which is unstable.

When at least one eigenvalue has non-zero real part the equilibrium is non-

hyperbolic. When both eigenvalues are purely imaginary the equilibrium
point is a centre, that is when TrJ = 0 the equilibrium is a centre.

23



trA? = 4detA

v
v
Unstable
spiral
z
Unstable
Stable node node
0 trA

Saddle point \

| W

v

Figure 7.1: Diagram showing how the trace and determinant of J affects the
type of equilibrium point

7.1.3 Example 1

Consider the equations
‘fi—’; =8u — 2v
9 = fu+2v

The characteristic equation for this is;

88— -2
det ( 4 9_ 1\ ) =0
B8=XN2-XN)+8=0=AN—-6)(A—4)=0
The eigenvalues are therefore Ay =6 , Ay = 4.

The eigenvalues are real and distinct and so the solution is of the form;

x = cre;eMt 4 coeqe?!

24
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Figure 7.2: Phase Portrait for the sink node

Calculating the eigenvectors;

(3 5)(
(22

A=6

(i 2) (%

The solution is therefore

T2

)=(3)

)=(3)

1
This gives 1 = x2. Therefore the eigenvalue we obtain is e = ( )

)=(3)

1
This gives 4x1 = 2x5. Therefore the eigenvalue we obtain is ey = ( )

1’261<i>66t+62<;>64t

The solution has equilibrium at (0,0) because the eigenvalues are real and
positive this equilibrium is a sink node which is unstable.

25



7.1.4 Example 2

Consider the equations

%:—2u—2v
4o — 9y — 20

The characteristic equation for this is;

det< _22_A _Q_EA ) =0

(=2—=X)(-2—-XA)+4=0

N4 AN 48 =0 = A= R

The eigenvalues are therefore Ay = =24+ 2i , A\og = —2 — 24.
Calculating eigenvectors;

A=-2+2¢

—2 —2 I o 0
2 =2 o )\ 0
This gives —ix; = x2. And so the eigenvector we obtain is e; = ( i )
A=-2-2
—2—(—-2—2i) -2 z1\y (0O
2 —2—(—=2—-2) x2 ) L0
2i =2 z1y _ (0
2 2 zo ) \ 0
This gives ix; = x2. And so the eigenvector we obtain is e; = < ! >

1

The solution to this equation is

= <01 ( i > cos(2t) + c2 ( _12 ) sin(2t)>

At the equilibrium —2u — 2v = 0 and 2u — 2v = 0. Therefore the only

26



o o B e e A A e a——
o T T a a e e i ——
& w a ar ae a a—A———
& e a0
& T A A e e R R
B e A R A R
P e i i UL S

U T W R
P e S S
T

AN AN ¢

P o LU S
PP e Tt o N N L
s e

(

o e e e ——
o w T a a A A e
g/g/gfa-’r"q—-q-—q—q-_q—_

S o i

T T e e i e — B T T
T e T e B T

R L . )
— T T R
—— T T N

S Mu e e e I e e
R T T

Tl Tt T T o e — B
Tl e T e i — e T
“‘%“—a“—ﬁ'—h—h—-—ﬂ'ﬁ-&ﬂ}
e — B T _F
—— B T A
— T BT T
et T T T

T T e T e e e —

Figure 7.3: Phase portrait for the spiral sink node

equilibrium of this system is (0,0). Because the eigenvlues are complex
cunjugate with negative real part the equilibrium point is a spiral sink which
is stable.

7.2 System of Non-Linear Equations

Non-linear systems can rarely be solved exactly, unlike linear systems which
can always be solved analytically and therefore exactly. The linearisation
technique finds the closest linear system to the non-linear system at the
equilibrium, so that the equilibrium can be analysed using the method for
a linear system. Non-linear systems can have any number of equilibria.
7.2.1 Linearisation near stationary points

Consider the system of autonomous equations;

G = F(z,y)
{ﬁze@m

with equilibrium at (z*,y*). That is;
F(*y") =0

G(z*,y*) =0



To linearise, start by approximating F'(x,y) and G(x,y) at (z*,y*), this is
done by calculating the tangent to the functions at the fixed point. This
gives;

{ o P(r,y) = F(a*,y*) + 2L (2, y*) (@ — %) + 2L (2%, y*) (y — ")
_ * oG

Since (z*,y*) is a fixed point F(z*,y*) = G(z*,y*) = 0. Thus

{ &= (e y") (@ —2*) + G (e y") (Y — )

( 27? > — 5 (@ y") %g(x*,y*) < r —z* )
& (ay) Sty |\ y—y
The Jacobian is

Gz y") Gt y")
laG( ) ﬁ( 7y)]

which can be used to determine the stability of the equilibrium, which be-
cause it is now a linear system can be done by calculating the eigenvalues.

The phase portrait of this linear system is close to the phase portrait of
the original non-linear system.

7.2.2 Example

Consider the system of equations

{ ?:F(w,y):2x+2y
G =G(x,y) =1—y

Equilibrium occurs when F(z,y) = 0 and G(z,y) = 0. That is;
20 4+2y=0=2x=—y

1—y?=0=y==+1

Therefore there are equilibria at (1, —1) and (—1,1)

To calculate the Jacobian matrix, we need the partial derivatives;

oOF __
or = 2
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oF __
oy =2

oG __
9z =0
oG __
=2

The linear approximation in matrix notation is therefore;
fl—’f _ |2 2 x—x*
& 0 =2y |\ y—vy*

@an=0-n
(8)-1a21C)

The characteristic equation can then be calculated using the Jacobian;

0 2-2A
2-N2-N)=0=A=2

‘2—/\ 2 ‘:0

Therefore the equilibrium at (1,—1) is a source node which is unstable.

(4)-[32]00)

The characteristic equation can then be calculated using the Jacobian;

(@* y")=(-1,1)

2—-A 2
0 —2-A

(2=A)(=2-X)=0= A=42

0

Therefore the equilibrium at (—1,1) is a saddle point which is unstable.
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Figure 7.4: Phase portrait for Example 7.2.2 with two equilibrium

From the diagram we can see the saddle point at (—1,1) and from the di-
rection of the arrows we can see that it is unstable. We can also see the
source node at (1,—1) as the arrows show that the flow is going away from
the node we can confirm that this is an unstable node.

We can treat each point of the phase plane as an initial condition. Then

from the phase portrait, we can see how the solution will change when the
initial condition changes.
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Chapter 8

Hopft Bifurcation

Hopf bifurcation occurs when the system of non-linear equations is non-
hyperbolic. Hopf bifurcation only occurs in systems of two or more dimen-
sions.

In a differential equation Hopf bifurcation typically occurs when the real
part of a complex conjugate pair of eigenvalues, of the linearised flow at a
fixed point, switch from positive to negative or negative to positive that is
when the eigenvalues become purely imaginary.

When the real part of the eigenvalue goes from negative to positive the
fixed point goes from being a stable focus to an unstable focus. This bifur-
cation is called supercritical.

When the real part of the eigenvalue goes form positive to negative the fixed
point goes from being an unstable focus to a stable focus. This bifurcation
is called subcritical.

8.1 Jordan normal form

Consider the matrix A = < Ccl Z

A=atif.

> with complex conjugate eigenvalues

We can transform matrix A into the canonical form by the transformation

T-LAT;
(28 ) = (5 )

Where v, is the real part of the eigenvectors of A and v; is the imaginary
part of the eigenvectors of A.
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Proof:

Let the eigenvalues of matrix A be A\ = a+ i85, Ay = a — .
Let vy, + tv1; be the eigenvector corresponding to Aj.

Let vg, + tv9; be the eigenvector corresponding to As.

Because vy, + ivy; is the complex eigenvector corresponding to Aj it sat-
isfies;
A§1 = >\1§1

Ay +iv1;) = (o +i0) (viy + iv1;)
Avy, + Aivy; = avyy + aivy; + vy — Bog

Equating real and imaginary parts;

Real: Avy, = avq, — Boy;

Imaginary: Avy; = avy; + Boir

Because vg, — ivg; is the complex eigenvector corresponding to Ao it sat-

isfies;
AQQ = )\222

A(’UQT — ivgi) = (a — ’iﬁ)(’vgr — ivgi)
Avgy, — Atvg; = avgy — v — 18v2, — fUg;

Equating real and imaginary parts;
Real: Ave,. = ave, — Pug;
Imaginary: —Avy; = —awg; — Bug, = Avg; = avg; + Bua,

Therefore;
Av, = av, — Pu;

Av; = aw; + P,

Let T be a matrix where the columns of the matrix are v, and v,.

T = (v,,v;) = ( T >

V2p V2
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AT = A(v,, v;)

AT = (aw, — Bu;, aw; + Pu,)

AT — ( avyy — oy avy; + oy )

avy, — Bug; oy + o,
AT:<Ulr U1i><a B)
Vor V24 -8B «
[ « B
Let N = < B a )

Showing AT = TN shows that T~1AT = N.

8.2 Normal form

Consider the system:;
{ glf - f(iL‘ Yy,c )
a = =g(z,y,c¢)
where c is a parameter.

Without loss of generality we can assume that the system has equilibrium
at (0,0), assume that at this equilibrium after linearisation the eigenvalues
of the system are A2 = a(c) £ if(c) and that for ¢ close to ¢ = 0 the
eigenvalues have zero real part.

Therefore we have;
f(0,0,¢) =0, ¢(0,0,¢) =0

A2 =alc)xif(c), a(0)=0
To study the system around the point ¢ = 0 we can expand the right hand
side of the system using the Maclaurin series;
dz — £(0,0,c) +x3f(o 0) + 4L (0,0) + % 5.£(0,0) + 2y 2£(0,0)
+4-24(0,0) + .
W = 9(0,0,¢) + 252(0,0) + y52(0,0) + 5 54(0,0) + 2y 24 (0,0)
+%8—9(0 0) +
We know that f(0,0,¢) =0, g(0,0,¢) = 0 due to the equilibrium at (0,0).
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The partial derivatives are not constants but functions of the parameter
c. If we denote all terms of second order or higher as fo and go the system
can be rewritten as;

e — 397(0,0) +y2L(0,0) + fo(z,y, )
W = 232(0,0) +y 5L (0,0) + ga(x, y, )
We can now transform the system into the Jordan normal form;
‘é—”; = a(c)u — B(c)v + Fa(u,v,c)
% (c)u + a(c)v + Ga(u,v,c)

Ifwelet z=wu+iwand z2=u—

z+Z=u+iv+ (u—iv) =2u = u = =]

z—zZ=u+iv—(u—w)=2u=v="=~

Substituting these values of 4 and v into the Jordan normal form we obtain;

U

(=

(

O
wy
N—

2+Z _ pz—=Zz
« 5 T 12

2
2+z _ z2—Z
BEE — a5 + G

MN

NI
w

—

U

I
~

Multiplying the second equation by i we obtain;

d( gz)z _ 6(z§2)¢ B a(z;f)i +iGy

e L R

Adding the first equation obtained in Jordan normal form and the new
equation;

—Z (z+2)i z2—Z .
F — G
5; + B +p 5 a—g +iGo

d z+§+z—2 . z+2+z—2 5 (z—i—i)i_z—‘i FytiG
2 2 2 27

d
a(z) =az+ Bzi+ Fy +1iGy

Let A=a+if and F(z,z,¢) = Fy +iGy
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Substituting this gives;
Z=M+F(z,z,0)

We can use the Maclaurin series for the function F(z, z, ¢)

Fe.ne) = 62Fz2+ 2F _+82F22+83Fz3+ BF 222+ PBF 272
559 T 929 T 0205 T 922 2 T 928 6 | 02202 2 02072 2
OPF 73

073 6

+ + ...

Our equation then becomes;

. st O%F 22 N ?F - O%F 72 N OPF 23 N PF 2z
2 = Az il falll i
0z2 2 023 6 0220z 2

922 2 " 9207

PBF ﬁ N 83Fz3 N
02072 2 0z3 6

We can now work on removing the non-linear terms.

8.2.1 Removing the quadratic term

2

If we first focus on the quadratic term 2z we can let our equation become

3=z + AZ?

2 . . .
where A = %%75 which is a function of the parameter c.

Let z = w + aw?

Rearrange to give a quadratic function of w in terms of z

-1+ 1+ 4az
2a

awl+w—z=0=w=

To see whether we need the plus or minus in the square root we can look at

the plot of w = =iEyitdaz W
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(a) w = —1+\ém (b) w = —1—+/1+4az

Figure 8.1: Plots for w

From the plots we can see that we want to take w = —ityitdez W as this is
the plot which passes through (0,0), therefore it maps out equilibrium at
z=0tow=0.

We are interested in our solution near the equilibrium and so we are in-
terested in only small values of z. Because of this we can use the Maclaurin
series to further simplify our value of w.

3

Recall the Maclaurin series for 14+ zis vV1I+a~1+§ — % + 5%+

Therefore /1 + 4az ~ 1+ 2az — 24222 + 4a323 + ...

Substituting this equation into our equation for w we obtain;

W~ —1+1+2az—3a222+4a323+~- — s — a2+ 92425 + ..
a

As we are only aiming to remove the quadratic term now, we can eliminate
all terms of order greater than two.

Therefore;

w:z—az2

Differentiating gives;
W=z — 202z

Recall 2 = A + Az? and substitute into w;

W= Az + Az? — 2az(\z + Az?)
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W= Az + (A —2a)\)2* — 2aA%3

We are not interested in terms of order greater that two. We shall denote
these terms as O(|z|?)

W= Az 4+ (A —2a\)22 + O(|z]?)

Now if we recall that z = w + aw? we can substitute this into the equation
for @ and obtain an equation in terms of w, the equation becomes;

W = Mw + aw?) + (A — 2a\) (w + aw®)?* + O(|2]*)
W = Mwt-a w?® + Aw? +2 Aaw? + Aa®w* — 2a \w?* —4a* M — 23wt + O (Jw]?)
W = A + adw? + Aw? — 2a w? + O(|w®)

Therefore
W= \w + (A — a\)w?

To eliminate the quadratic term we need; A —aA =0 = a =

>

Setting a = é we eliminate the quadratic term in 2 = Az 4+ Az2.

2 will become 2 = Az + O(|z]?)

8.2.2 Removing the complex conjugate quadratic term

Let our equation be
4= \z+ Bz

O’F
0z2

where B = % which is a function of the parameter c.

gl

Let z = w + bw? with complex conjugate Z = w + bw? as W = w

Rewrite to make w and w the subject;
w =z — bw?

w=7z—bw’=2z-0()

As we are only interested in the z2 terms we can include all other order two
and higher terms in O(|z|?). Substituting the second equation into the first
we obtain;

w=z—bz—0(|z*)?
w =z — b(22 — 220(|2[?)) + O(|2]*)?
w =z —bz2 + 0(|z]?)
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And so up to second order terms we have;
w =z — bz
If we take the derivative we obtain;
W= z—2bz2
Recall 2 = \z + B2 with complex conjugate z = Az + Bz? = Az + O(|z|?)

Substituting in these values gives;
W= \z 4+ Bz*> — 2Bz(\z + O(|z]*))

W= Az + (B —2b\)2* + O(|2*)

Recall z = w + bw? and Z = w + bw?. Substituting in these values for z and
Z we can obtain an equation for w in terms of w and w only;

W = \(w + bw?) + (B — 2bA) (w + bw?)?
W = \w + \bw? + Bw? + 2Bbw? + Bb*w* — 20 w? — 4bbAw? — 2bb* Aw*
W = Aw + (Ab+ B — 200)w? + O(|w]?)
To eliminate the quadratic term w? we need \b+ B —2bA =0 = b = %.

Setting b = % we eliminate the w? quadratic term in 2 = \z + BZ>.

# will become 2 = Az + O(|z|?)

8.2.3 Removing the mixed quadratic term

Let our equation be
2=+ Czz

with C' = aajgz which is a function of the parameter c.

Let z = w + cww with complex conjugate z = w + cww

Rearranging to make w and w the subject;

w = 2z — cww

W = zZ — Cww
Substituting the second equation into the first we obtain;

w =z — cw(zZ — cww)
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2z — cww — cC — cEwQH)

We are only interested in terms up to order 2;
w =z — cwz + O(|w]?)

Substituting in the first equation;
w =z — cz(z — cww) + O(|w]?)
w=z—czz — Fwiz + O(|w|?)

w =z —czz + O(|w]?)

Therefore w = z — ¢Zz up to second order terms.
Differentiating gives;
W=2—Zz—CcZ3

Recall 2 = Az + CzZ with complex conjugate z = A\zZ + CzZ

Substituting these values for # and z into 1 gives;
=Nz + Czz — c(A\z+ C22)z — cz(\z + Cz%)
W=z + CzZ — cAzz — cC2°Z — cAZz + cC2Z?

W= Az + (C =&\ —c\)zz + O(]z]%)

Recall z = w + cww and z = 0 + cww

Substituting in these values gives;
W = AMw + cww) + (C — e\ — eA)(w + cww) (W + cww)

W = \w + Awd + Cwiv — cdwiv — w4+ O(Jw|?)

Therefore up to second order terms;
W= Aw+ (C — eA)ww

¢
A

To eliminate zZ we need C —cA =0 = ¢ =
% will eliminate zZ in 2 = Az + CzZz and so our equation

Setting ¢ =
will become
2=z + O(|z]3)
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8.2.4 Removing cubic terms

Most of the cubic terms can be removed using similar methods as was used
for the quadratic terms. (Taken form Panfilov)

For 2 = Az + Dz using the substitution z = w + dw?, d = % is found
to be the substitution needed.

For 2 = Az + FzZ? using the substitution z = w + dww?, f = % is found to
be the substitution needed.
For 2 = Az + GZ3 using the substitution z = w + gw?, g = 3/—\G_)\ is found to

be the substitution needed.

8.2.5 Removing the last cubic term

Let our equation be
i =z + E2%z

sl
0220z

where E = % which is a function of the parameter c.

Let z = w + ew?w with complex conjugate zZ = w + éw’w

Rearranging to make w and w the subject gives;

w:z—ew2711

W= % — ew*w
Substituting in the second equation into the first we obtain;
w =z — ew*(Z — ew’w)
w =z — ew?z + eew’w?
w =z — ew?z + O(jw|®)
Now, substituting the value for w gives;

w =z — ez(z — ew’w)?

w =z —ezz* + O(|w]®)

Therefore up to third order terms; w = z — ezz2 + O(|w|?)
Taking the derivative gives; w = 3 — e22% — 2ezz4

Recall 2 = \z + E2%Z with complex conjugate z = \z + Ez%z
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Substituting these values into w gives;
W= Xz + F2%Z — e2?(\z2 + E7%2) — 2ezz(\z + E2%%)
W=z + FE2%Z — e)\2’Z — Eez?2% — 2e)\72? — 2eE23%2
W=z + (E — e\ —2e)N)2%Z + O(|z]*)

Substituting in z = w + ew?w and w = W + éw?w we obtain an equation for
w in terms of w and w only;

W = Mw + ew?w) + (E — e\ — 2e))(w + ew?w)(w + ew’w)
W = \w + edw? o + (E — el — 2eN)w?w
W= w+ (E — e\ — e\Nw?m
W= w+ (E — e(A+ \)w?w

Recall A = a(c) +i8(c) and A = a(c) —iB(c) and at the bifurcation point,
c=0, alc) =0.

Therefore A\(0) + A(0) = i3(0) —i3(0) =0

= e(A+ ) = 0 for all values of e

Therefore Ew?w cannot be removed regardless of the value of e.
And so our equation;

O*F 22 92F 0*°F 72  O3F 23 BF 2z

929 T o.0: 7 T 922 T 956 T 9205 2
LR 22 O
02072 2 0z3 6

2 = Az+

Can only be reduced to the form

W= \w + dw?w

8.2.6 Polar coordinates

Recall w is a complex number w = u + v

We want to find bifurcation of the phase portrait in the u,v plane. It will
be convenient to use polar coordinates.
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Lets introduce p and ¢. Let u = pcos ¢ and v = psin ¢.

w=u+iv=(pcos¢+ipsing) = p(cos ¢+ isin p) = pe'®

Recall A and § are complex too, let A = a +if and § =1 + id

W = \w + 6w = (o + if)w + (I + id)w*w

If w = pe'?; ‘ o
W = pe'® + igpet?
w? = (pe'®)(pe?) = p*e*
w = pe*i‘z’

wio = (p*e*?)(pe0) = p’e'e

Substituting into our equation for w;
pe' +igpe™ = (a +iB)(pe'®) + (I +id)(p’e’9)

Dividing through by e%;

p+idp = (a+iB)p+ (I +id)p®

p+idp=ap+ifp+I1p>+idp®
Now we equate the real and imaginary parts;
Real part;

p=ap+Ip°

Imaginary part; '
¢=pB+dp’

In the second equation if B # 0 then |p|<< B and so we can neglect p?
compared to 8. The system then becomes;

{ ,[?:ap+l,03
=5

Recall « is a function of the parameter ¢, as the eigenvalues A are dependent
on the parameter c. If %‘(Jj # 0 we can introduce a new parameter p. p will
have sign - if %—i‘ < 0 and sign + if %—g > (0. The system becomes;

{ p=Epup+1p’
¢=p
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Next rescaling the amplitude, dividing the first equation by [ and the second
by [ we obtain;
7 =Zyr+ r3
{ 0=1

where v = # and the sign of r3 comes from the sign of [.

The second equation shows that the angle 6 goes around at a constant rate.
The first equation gives us the radius which is dependent on the parameter

5.
8.2.7 Cartesian coordinates
To return to Cartesian coordinates from
= 4vyr £ 13

Let x = rcos@ and y = rsiné.
Differentiating gives;

& =1rcosf —rsinf

y=r1sinf + rcosf
First looking at . Substitute in the value for r;

&= (yr £1%)cosf — rsinf
& = 4~rcosf + 13 cos — rsiné

Recall x = rcos @ and y = rsin# and substitute;

&+ ~yz+ricoshd—y

If £ = rcos then 22 = r2cos? 0 and y = rsinf so y?> = r?sin®# therefore

22 + 9% = r2(cos? 0 + sin? 0) = r?;
&= +yx + (2? + y?)rcosh —y
i=+yr+ (2 +y¥)z —vy
&=~y +afEy £ (2° +y°)]
Using the same substitutions in ;
y = (£yr £ 73)sinf + rcos b
§ = +yrsin® £ r3sin @ + r cos 6
y=+yy* @ +y)y+a
Therefore our system in polar coordinates becomes;

9t — —y 4 gy & (22 + y?)]
W =z +y[ty £ (2 +y?)]
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8.3 Limit cycle

A limit cycle is an isolated closed trajectory. Isolated means that the neigh-
bouring trajectories are not closed therefore they spiral either towards or
away from the limit cycle.

Limit cycles occur in Hopf Bifurcation. The stability of the limit cycle is
determined by the stability of the equilibriums surrounding it. If the limit
cycle is stable the neighbouring trajectories approach the limit cycle and if
the limit cycle is unstable the neighbouring trajectories go away from the
limit cycle.

For the system

d
jf - f(:L",y,C)
d
dfi:g(%ym)

where c is a parameter.

Assume the system has non-hyperbolic equilibrium at z = 0,y = 0,c = 0.
And the eigenvalues of the Jacobian are A\j > = a(c) £ i8(c) and that for ¢
close to ¢ = 0 the eigenvalues have zero real part that is a(0) = 0.

Hopf Bifurcation takes place if;

%(O) # 0 as this gives £+

B(0) # 0 otherwise the eigenvalues would be equal to zero at the equilibrium
Re(c) # 0 as this gives +r3

8.4 Normal form diagrams

Consider;
r=fly,r) =qr—rP=r(y-r?)

=1

f(y,r) =0 < r(y—7r*)=0=r =0orr = =+,/7 which only exists when
v > 0.
% = — 3r?

When r = 0; % = ~ therefore the equilibrium at » = 0 is stable when
v < 0 and unstable when v > 0.
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When r = +,/7; % =~ — 3(,/7)? = —2v because these equilibrium points
only exist when + > 0 they are always stable.

(a) v<0 (b) Bifurcation with stable limit cycle (¢)y>0

Figure 8.2: Hopf Bifurcation in the system 7 = yr — 7’3,9 =1

When ~ < 0 there is one stable equilibrium at r = 0 and no limit cycle.
Bifurcation occurs at v = 0. When v > 0 there is an unstable equilibrium
at r = 0, stable equilibriums when r = £, /7 and a stable limit cycle.

\
o AN

(a) v<0 (b) Bifurcation with unstable limit cycle (¢)y>0

Figure 8.3: Hopf Bifurcation v = —yr + r0=1
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(a) v<0 (b) Bifurcation with unstable limit cycle (¢)y>0

Figure 8.4: Hopf Bifurcation 7 = yr + rB0=1

(a) vy <0 (b) Bifurcation with stable limit cycle (c)y>0

Figure 8.5: Hopf Bifurcation 7 = —yr — 3,0 = 1
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Chapter 9

Conclusion

There are three possible types of bifurcation in ordinary differential equa-
tions; fold, transcritical and pitchfork. For any bifurcation to occur the
equilibrium point must be non-hyperbolic, this condition is necessary but
not sufficient.

Fold bifurcation requires % # 0 and % #0.

2
Transcritical bifurcation requires % =0 and % #0.

Pitchfork bifurcation requires % =0, % =0, aajgc # 0, 8238{: > # 0 and
Pr 20
Ox3 :

In systems of ordinary differential equations Hopf bifurcation can occur if
there is a non-hyperbolic equilibrium and the system has complex conjugate
eigenvalues A1 2 = a(c) £if(c) and that for c close to its bifurcation value
the eigenvalues have zero real part.

Bifurcation theory is useful in many areas. For example it has biological
applications wherein it provides a framework to help to understand the be-
haviour of networks which have been modelled as dynamical systems. Bifur-
cation theory also has applications in semi-classical and quantum physics,
for example it has been useful in studying laser dynamics.

To continue studying bifurcation it might be interesting to consider bifurca-
tion in continuous systems. It might also be interesting to look at stability
in non-linear systems with diffusion for example the conditions for Turing
instability.
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Chapter 10

References

Edelstein-Keshet, Leah (1988). Mathematical models in biology. New York:
Siam. 55-57.

Hoyle, Rebecca. (2006). A bit of bifurcation theory. In: Pattern For-
mation: An Introduction to Methods. Cambridge: Cambridge University
Press. 23-51.

Kielhfer, Hansjrg (2012). Bifurcation theory: An introduction with ap-
plications to partial differential equations. New York : Springer. 2-7.

Murray, James D. (2002). Mathematical Biology: I. An Introduction. New
York: Springer.

Panfilov, A. (2006). Non-Linear Dynamical Systems. Available: http://www-
binf.bio.uu.nl/panfilov/nonlin.html. Last accessed 15/05/2013.

Perko, Lawrence (1991). Differential Equations and Dynamical Systems.
3rd ed. New York: Springer.

Pernarowski, M. (2004). Hopf Bifurcations - An introduction. Available:
http://www.math.montana.edu/ pernarow/M592/2004/Notes/Hopf.pdf. Last
accessed 15/05/2013.

Strogatz, Steven H (1994). Non-Linear Dynamics and Chaos. Massachusetts:
Perseus Books. 44-79.

48



