PHYS370 Advanced Electromagnetism 2013/14

Tutorial 4

These questions cover Parts 8 and 9 of the Lecture Course.

Please give your solutions to your tutor by noon on Wednesday 7" May.

Both of these questions are from the 2007 exam.

Question 1

a) Explain with the aid of a diagram what is meant by a retarded potential, and why it is
necessary to use retarded potentials in evaluating the fields from time-dependent
electromagnetic sources.

b) A Hertzian dipole with dipole moment p = p,exp(jwt) 2 is situated in free space at the

centre of a spherical coordinate system. The vector potential A at the field point
P(r,6,¢) at time t has components (in spherical polar coordinates) given by:

A(r,6,4)= Acos@
A(r,0,4)=—Asing
A,(r,0,4)=0

where

Az r
=2-0 &, » and o and & are, respectively, the permeability and permittivity of
C
free space.
Show that the azimuthal component of the magnetic intensity is given by:

2 - -
H, :_k cp, (1_1) exp J(wt_kr)sina
A kr r

[ You are given that, in the usual notation:
Frd rsindg
1 jo 9 & ]
r’sin@d|or 06 O
F Ik, rsindF,

r
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Question 1 (continued)

c) The other components of the electric and magnetic fields at point P are given by:
H =H,=E,=0

£ - Jkpy (1_ i )Zexp j(et—kr)

. - 5 cosd
4rg,

kr r

2 - -

£, =< P (1—1— 1 2) P (A KD Gin g
4rg, kr k°r r

Show that the dominant fields in the ‘far field” region (kr >> 1) are given by:

2 -
E9=—k P, eXxp J(a)t_kr)sine
4rs, r

2 -
H, __k%p, exp J(wt_kr)sine
Az r

Discuss briefly the spatial dependence and relative phases of the field components in the
far field region.

d) Use the above expressions to show that the time-average Poynting vector <§ > at the
field point P is given by

r.

<§>_ kcps sin’@
R2r’e, I’

e) Sketch the radiation power distribution of the dipole in the plane y = 0, and comment on
how this distribution is modified for a real half-wave (4/2) dipole.

Question 2

The Lorentz transformation of a four-vector p* can be written:
pr =A,p"
where p'” represents the four-vector when measured in a frame moving with constant

velocity u along the x-axis relative to the frame in which p“ is measured, and A", can be
written as a matrix:

y 00 -py
0 10 0
A =
“ 0 01 0
-Br 0 0 vy

a) Define the quantities g and y appearing in the matrix form of A", in terms of the
relative velocity u between the two frames.
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Question 2 (continued)

b) A region of space has electric charge density p and current density J. Show that under
the Lorentz transformation given above, the equation:

v.7+P ¢
ot

is invariant. Comment on the physical significance of this equation and on the
significance of its invariance under Lorentz transformations.

c) The electromagnetic field F*" may be derived from the potential four-vector A* by:
F“"=0“A"—0"A".
Show that, in matrix form, F*" may be written:
0 B, -B -EJ/c

z y
cw_| "B 0 B -Ejc
B, -B, 0 -E,/c

E./Jc E,Jc E,Jc 0

where the electric field is E = (E,,E,, E,) and the magnetic field is 8 =(B,,B,,B, )-

X1 =y =z x1 =y Pz

d) Maxwell’s equations relating the electric and magnetic fields to a charge and current
density in a non-magnetic material with relative permittivity & = 1 are:
V.E=L Vxéz,uoj+1é-
c
Show that these equations may be derived from the four-vector relationship:

0, F" ="

e) The Lorentz transformations for the components of the electric field E and the
magnetic field B are:

E'=E, B/ =B,

’ , u
E, =(E, -uB,) By:y(By+CzE;
E; = y(E, +uB,) az{&—igj

C

A neutral hydrogen atom moves with kinetic energy 50 keV in the laboratory frame.
Suppose that the atom enters a magnetic field of strength 0.5 T perpendicular to its
direction of motion. What fields will the atom experience in its rest frame?

[You are given that the rest mass of a hydrogen atom is 0.938271 GeV/c* ]



