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1. In one degree of freedom, the beam distribution matrix (the Σ matrix)
is a 2 × 2 symmetric matrix, which is parameterised in terms of the
Twiss parameters αx, βx, γx, and the emittance εx:

Σ =

(
〈x2〉 〈xpx〉
〈xpx〉 〈p2x〉

)
=

(
βx −αx

−αx γx

)
εx (1)

The matrix Σ has three independent components. Using the parame-
terisation in terms of the Twiss parameters and the emittance, there
are apparently 3 + 1 = 4 variables. However, the condition:

βxγx − α2
x = 1 (2)

imposes one constraint, allowing us to eliminate one of the Twiss pa-
rameters. The number of independent variables in the Twiss/emittance
parameterisation is therefore equal to the number of independent com-
ponents in the beam distribution matrix, Σ.

(a) In three degrees of freedom, how many independent components
are there of the beam distribution matrix, Σ?

(b) In three degrees of freedom, the “generalised Twiss parameters”
are the components of the 6 × 6 symmetric matrices Bk. How
many generalised Twiss parameters are there in three degrees of
freedom? How many emittances are there?

(c) How many relationships must there be between the generalised
Twiss parameters in three degrees of freedom (analogous to the
relationship βxγx − α2

x = 1 in one degree of freedom)?

2. Assume that the horizontal coordinate of a particle in a bunch is given
by:

x =
√

2βxJx cosφx + ηxδ (3)

where the angle variables φx are uncorrelated with any other variables,
and ηx is the dispersion. Assume also that the action variables Jx are
uncorrelated with the energy deviations δ.
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(a) Using equation (3), find a relationship between the moments 〈xδ〉
and 〈δ2〉.

(b) Write the moments 〈xδ〉 and 〈δ2〉 in terms of generalised Twiss
parameters βkij , and the emittances εk.

(c) Write down an expression for the dispersion ηx in terms of gen-
eralised Twiss parameters.
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