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What we Learned in the Previous Lecture

In the previous lecture, we considered the dynamics of a
particle moving inside various kinds of electromagnetic field.
Specifically, we looked at the cases of dipole, normal and skew
quadrupole fields, TMgig cavities, and solenoids.

In each case, we solved the equations of motion in the paraxial
approximation. This involves constructing an approximate
Hamiltonian by expanding the exact Hamiltonian to second
order in the dynamical variables.

The Hamiltonian for the fields we considered can be solved in
the paraxial approximation to yield equations of motion that are
linear in the dynamical variables. The solutions to the equations
of motion may be expressed in terms of transfer matrices.

Linear Dynamics, Lecture 5 1 Three Loose Ends




Course Outline

Part I (Lectures 1 — 5): Dynamics of a relativistic charged
particle in the electromagnetic field of an accelerator beamline.

1. Review of Hamiltonian mechanics

2. The accelerator Hamiltonian in a straight coordinate system

3. The Hamiltonian for a relativistic particle in a general
electromagnetic field using accelerator coordinates

4. Dynamical maps for linear elements

5. Three loose ends: edge focusing; chromaticity; beam
rigidity
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Fringe Fields

We did not so far consider effects that may occur when a
particle moves from a region with one kind of field, to a region
with another kind of field; e.g. when a particle moves from a
field-free region (i.e. a “drift space”) into a dipole field.

Since the electromagnetic fields obey Maxwell’'s equations, they
must vary smoothly and continuously in space. In other words,
the transition from a drift space to a dipole cannot be abrupt.
There must be a region of space that is neither drift space nor
dipole field, but something else (usually something more
complicated). This region of space is generally referred to as
the “fringe field" .

It turns out that fringe fields have important effects. However,
their exact description is complicated, and dependent on details
of the magnet design. In this lecture, we shall consider the
effects of fringe fields using very simple approximations.
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Dipole Pole Faces Normal to the Reference Trajectory

From the point of view of the dynamics, the simplest dipole

field to consider is one that is completely independent of =z and

y. In this case, the pole faces at the entrance and the exit are
perpendicular to the reference trajectory.
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Dipole Pole Faces Angled to the Reference Trajectory

However, magnet engineers do not like to design or build this
kind of magnet. From their point of view, the simplest kind of

magnet has a rectangular footprint, with the entrance and exit
pole faces parallel to each other.
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Fringe Field for a Dipole

Consider the magnetic field close to the entrance pole face of a
dipole. We consider an arbitrary rotation of the pole face
through anale ¥ from the normal to the reference traiectory.

As

The effect of the fringe field (including the pole face rotation)
is contained within the region 0 < s < As, and is represented by
the magnetic field:

Yy S x Yy
By = —Bp—tanvy, By =B (———tan ), Bs = Bg—.
v OAS v Y 0 As As ¥ ° OAS
(1)
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Fringe Field for a Dipole

Note that without the rotation of the pole face, the fringe field
is written:

S Yy
Bz =0, By = Bop—, Bs = Bo—. 2
x Yy 0 s s 0] s ()

The vertical field increases linearly from zero at s = 0 to the
full dipole field Bg at s = As; there is a longitudinal component
to the field, dependent on the vertical coordinate, required by
Maxwell’'s equations.

The dipole fringe field with pole face rotation (1) is obtained
from the fringe field without any pole face rotation (2) by a
simple rotation, and rescaling the gradient so that the field still
increases from zero to Bg from s =0 to s = As.
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Vector Potential for a Dipole Fringe Field

The dipole fringe field (1) may be obtained from the vector
potential:

Ay = %% <S2 — yz) , Ay =0, As = —%% (y2 — :U2> tzzg)w

We need to be careful in the transition from the field free
region into the fringe field, and from the fringe field into the
main dipole field. This is because the vector potential has a
horizontal component in the fringe field that does not appear in
the field free region or the dipole field. Associated with any
change in the vector potential is a change in the canonical
momentum:

Fo

In this particular case, the change in the vector potential is
second order in the coordinate y, so there are no linear effects,
only (possible) nonlinear effects.
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Dynamics in a Dipole Fringe Field

The horizontal component of the vector potential in a dipole
fringe field (3) leads to nonlinear (higher-order) effects.
However, the longitudinal component has the form of the
potential in quadrupole field, with normalised quadrupole
strength:

ki =——tanvy (5)

The vertical focusing comes from the longtudinal component
of the magnetic field that is required by Maxwell’s equations,
and varies linearly with the vertical coordinate. If the pole face
is rotated, the “longitudinal” field now has some horizontal
component, and a particle travelling parallel to the reference
trajectory receives a vertical kick proportional to the vertical
position of the particle.
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Dynamics in a Dipole Fringe Field

The horizontal focusing in the fringe field is really a geometric
effect.

“Rs

A particle travelling parallel to the reference trajectory but with
some positive horizontal offset does not see the main bending
field of the dipole until some time later than a particle
travelling exactly along the reference trajectory. The result is
that the first particle is no longer travelling parallel to the
reference trajectory: there is an effective deflection proportional
to the horizontal offset of the particle.
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Transfer Matrix for a Dipole Fringe Field

In the absence of other information, we usually consider the
fringe field of a dipole in the limit As — 0. In this case, the
transfer matrix can be derived directly from that for a “thin”
quadrupole (a quadrupole in the limit of zero length and fixed
integrated gradient):

1 O O 00O

K71 1 0 000

0] O 1 00O
R=1 "0 0K, 100 (6)

0] O O 010

0] 0] O 01

where
Ki = —L Bytan (7)
Po

Note that for q, Bg and ¢ all positive, the fringe field is
horizontally defocusing and vertically focusing.
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Solenoid Fringe Field

As for the dipole, the fringe field for a solenoid is usually
treated in the “hard edge” approximation, in which the extent
of the fringe field approaches zero. In this case, the longitudinal
field at the entrance to the solenoid is a step function:

Bs = Bp©O(s) (8)
By
A
DBy
£
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Solenoid Fringe Field

To satisfy Maxwell’'s equations, the horizontal and vertical fields
must be Dirac delta functions:
1 1
Bs = Bp©(s), Bz = —EBO(S(S):IJ, By = _5305(3)9 (9)

where the delta function is given by:
d©

§(s) = e (10)
and satisfies:
5(s) =0 for s #0 (11)
and:
/0:0 5(s)ds = 1 (12)
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Vector Potential in a Solenoid Fringe Field

The solenoid fringe field (9) can be obtained from the vector
potential:

1
As = —SBoO(s)y (13)
1

Ay = EBo@(s)x (14)
As = O (15)

with the usual relation:
B=VxA (16)
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Hamiltonian for a Solenoid Fringe Field

Using the usual accelerator Hamiltonian (in straight
coordinates):

:iMi‘M)Q(pxax)Q(p —ay)? — o —as (17)
Bo Bo v 8676

and making the paraxial approximation, we construct the
Hamiltonian for the solenoid fringe field to second order in the
dynamical variables:

_ 1 2 1. 2 I
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Equations of Motion for a Solenoid Fringe Field

The equations of motion for the horizontal variables are:

d OH
_x = — =Dz —|— kS@(s)y (19)
ds 8}9:1:
d OH
Pr— T = k,0(s) (py — ksO(s)z) (20)
ds ox
and similarly in the vertical plane:
d OH
& — 2 _ py — ks©(s)y (21)
ds 8py
d OH
Py — 0 = _k,0(s) (pe + ksO(s)x) (22)
ds oy

Note that in each of the above equations, the quantity on the
right hand side is finite. This implies that, if we consider an
infinitesimal step As across the fringe field at s = 0, we must
have in the limit As — O:

Az — 0 Ay — 0 (23)
Ap; — 0 Apy — 0 (24)
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Transverse Kick from a Solenoid Fringe Field

The results (23) for Ax and Ay are as expected, since the
trajectory of the particle must be continuous across the fringe
field. But the results (24) for Ap, and Apy are surprising, since
we expect the fringe field to cause a non-zero Kkick: although
the trajectory is continuous, in the approximation we have
used, it need not be smooth. To see this, consider Newton's
equation of motion with the Lorentz force:
dp. . .
d_tx = q(yBs — SB:U) (25)
where p; is the horizontal component of the mechanical
momentum. Using the field (9), we have:
dp. . 1 .
% — 4 (9BoO(s) + 5 Bosé(s)y) (26)
Using s ~ ¢ and Equation (12) for the integral of the delta
function, it follows that for an infinitesimal step At across the
fringe field in the limit At — O:

1
Apy ~ EqBoy (27)
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Transverse Kick from a Solenoid Fringe Field

We find from Newton's equation, combined with the Lorentz
force for the solenoid fringe field (9), that making an
infinitesimal step across the fringe field results in a non-zero
change in transverse momentum:

_ 1
Apy = EqBoy (28)
However, there is also a non-zero change in the horizontal
component of the vector potential (15):

1
Recall that the canonical momentum is the mechanical
momentum plus the product of the charge and the vector
potential. Taking into account the normalisation with respect
to the reference momentum Fy:

Dx q
pem P24 Ly, (30)
Py P
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Transverse Kick from a Solenoid Fringe Field

It follows from Equation (30) that, in making an infinitesimal
step across the solenoid fringe field, the total change in the
canonical momentum is:

Apy ~ PioAﬁx + PiOAAm =0 (31)
where the last step follows from (28) and (29). In other words,
the change in the vector potential cancels the change in the
mechanical momentum, so the change in the canonical
momentum is (close to) zero. This is consistent with the result
(24) that we found from Hamilton's equations. We have shown
this is the case for the horizontal motion at the entrance to the
solenoid: exactly the same effect happens for the vertical
motion at the entrance, and for the horizontal and vertical
motion at the exit of the solenoid.
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Transfer Matrix for a Solenoid Fringe Field

From Equations (23) and (24), the transfer matrix for a
solenoid fringe field (entrance and exit) is simply the identity
matrix:

100000

010000
_|loo1000
E=1000100 (32)

000010

00O0O0O:1

It is important to note that this is only the case when the
canonical momentum p, is used as a dynamical variable.
Sometimes, the quantity z’ is used to describe the motion
instead of p;: in that case, we do not get a cancellation
between the mechanical kick and the change in the vector
potential, so there is a non-zero change in z’ across the fringe
field, and the transfer matrix will be different from the identity.
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Fringe Fields for Quadrupoles

Quadrupoles also have fringe fields. However, it can be shown
that the effects are higher-order (and are similar to the effects
of sextupoles), and generally quite weak. Nonlinear effects are
beyond the scope of this course, so we do not consider
quadrupole fringe fields any further. Similarly, for purposes of
linear dynamics, the fringe fields of combined function bends
have the same effect (to first order) as the fringe fields of
bending magnets without quadrupole component, but with the
same strength dipole field.
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Transfer Matrices for “Linear’ Elements in Accelerators

We have now completed our derivation of transfer matrices for
“linear” elements in accelerator beamlines. These matrices
were obtained from the Hamiltonian for the corresponding
electromagnetic field in the paraxial approximation, and are
valid for small values of the dynamical variables.

You should now be able to write a simple tracking code to
calculate the transport of charged particles along a linear
beamline, including the effects of drift spaces, bending magnets
(with and without quadrupole gradient), dipole fringe fields for
arbitrary pole-face rotations, normal and skew quadrupoles,
TMpgi1o RF cavities, and solenoids. For convenient reference,
the transfer matrices for all these elements are given in an
appendix at the end of this lecture.
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Dispersion: A Reminder

In the transfer matrix for a dipole, we saw terms associated
with the dispersion, i.e. the change in trajectory of a particle
with respect to the energy deviation §. Recall that the transfer
matrix is:

coswL el g g 0 1ol
—wsinwL coswL 0 0 O Si%—g’L
R=| o o010 0 (33)
__SsinwL _1—coswL 00 1 L  wL-—sinwL
Bo wBo 5878 wﬁg
0 0 O 0O 1

where L is the length of the dipole, and w = kg is the dipole
field strength normalised with respect to the reference
momentum. The dispersion terms are Rig and Rog.
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Energy-Dependent Effects in Quadrupoles

Dispersion is an example of an energy-dependent transverse
effect: it may be viewed as a coupling between the longitudinal
and transverse planes. Quadrupoles also have energy-dependent
transverse effects. This may be seen very easily from the
physical effect of a quadrupole. Consider a set of particles
entering a quadrupole parallel to the reference trajectory. The
higher-energy particles are deflected less strongly by the
quadrupole field than the lower-energy particles, so the focal
length of the quadrupole is dependent on the energy.

Linear Dynamics, Lecture 5 24 Three Loose Ends

Chromaticity

Chromaticity is the variation in focusing strength of a
quadrupole (or other “linear” element) with the energy of the
particle. The higher the energy of the particle the longer the
focal length.
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Chromaticity

Recall the transfer matrix for a quadrupole:

coswl ~ Snel 0 0O 0 0
—wSinwL coswlL 0 0] O O
0 0  coshwL SMhel g g
R = 0 0 wsinhwl coshwL 0 O (34)
L
0 0 0 0 1 o
0 0 0 0 0 1

where

w=/k1 (35)

and k7 is the quadrupole gradient, normalised by the reference
momentum F.

Where is the chromaticity in the transfer matrix?
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Chromaticity

We lost the chromaticity in a quadrupole when we made the
paraxial approximation in the Hamiltonian. More strictly, we
lost the chromaticity when we made the paraxial approximation
including the longitudinal variables. The full Hamiltonian for a
quadrupole is:

N R I N
fo \\Bo T g T2

Expanding the Hamiltonian (36) to second order in all the
dynamical variables (making the paraxial approximation) we
constructed the Hamiltonian:

1, 1 1

1 1
Hy == Zp2 4+ Zkix® — Zkiy?
2 2px+2py+21flf Sr1Y +258’78

In the second-order Hamiltonian (37) there are no terms that
include transverse and longitudinal variables together. Thus,

there are no energy-dependent transverse effects - so there is
no chromaticity.

52 (37)
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Restoring the Chromaticity to a Quadrupole

Chromaticity is an extremely important effect: in practice, the
behaviour of a beam in a lattice is strongly dependent on the
chromaticity. Is there anything we can do to restore the
chromatic effects in the equations of motion?

The answer is “yes”, but we have to pay a price. We first of all
note that in the full Hamiltonian (36), the longitudinal
coordinate z does not appear at all. Consequently, from
Hamilton’s equations, the energy deviation ¢ is constant. We
can therefore expand the Hamiltonian to second order in the
transverse variables, while keeping the full dependence on §:

oy =2 + Pi P + k 1, (38)
x _—
2 = 50 D 1 > 1y
where the constant D is given by:
D= \/ 14 = -|- 52 (39)
Bo
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Restoring the Chromaticity to a Quadrupole

Since ¢, and hence D are constants, the Hamiltonian (38) leads
to equations of motion that can be solved for the transverse
variables. Expressed as a 4 x 4 transfer matrix, the solutions to
the equations of motion are:

Z(s=L)=R Z(s=0) (40)
where:
x cospL ~ Shel 0 0
- Pz ~ —DwsinwL coswL 0 0]
L = R = ~ sinh &L
Yy 0 0] coshwlL e
Py 0 0] Dosinhwl, coshwlL
(41)
and:
- k1
=/ — 42
5= (42)
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Restoring the Chromaticity to a Quadrupole

The longitudinal equation of motion from Hamilton’s equations
with the Hamiltonian (38) is now a little more complicated
than before:

—=—_-Z(=) @ 8) | = 43

=% > () @+ 508 FRTEY (43)
However, with the known solutions for z(s) and y(s) from (41),
we can solve the equation of motion (43). The result is not
especially enlightening, and we do not give it explicitly here.
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Some Remarks About Chromaticity

The chromatic effects in other “linear’” components can be
treated in the same way as for a quadrupole as long as the
energy deviation § is constant (which is not generally the case
for an RF cavity). The result is a map that is linear in the
transverse variables, but has a nonlinear dependence on the
energy deviation. For this reason, chromaticity is formally a
“nonlinear” rather than a linear effect (in contrast to the
dispersion, which does appear in the 6 x 6 linear transfer matrix
for a bending magnet).

Sometimes people talk about “linear chromaticity’”. By this,
they generally mean the linear part of the dependence of the
focusing strength (e.g. w in the quadrupole map) on the
energy deviation. This is not the same thing as a linear
dependence of the transformation of the dynamical variables
(z, pz, etc.) on the energy deviation.
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Beam Rigidity

We have frequently used the reference momentum Fgy to
normalise quantities in the linear dynamics we have studied so
far. For example, the normalised field strength of a dipole
magnet is given by:

_q
)
The quantity that appears in the equation of motion in a dipole
is kg, rather than the absolute field strength Bg.

ko By (44)
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Beam Rigidity

Consider a particle of charge ¢ and mechanical momentum Py
moving in a plane perpendicular to a uniform field B. The
magnitude of the Lorentz force acting on the particle is:

F'= qBocB (45)

Since the force is always perpendicular to the instantaneous
velocity, the particle must be following a circular trajectory.
The centripetal force is provided by the Lorentz force, and is
given (for general circular motion) by:

PoBoc
P
where p is the radius of the particle’s trajectory. Equating the

Lorentz force (45) and the centripetal force (46), we find:

F= (46)

Bp=— (47)
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Beam Rigidity

A particle of charge ¢ moving in a uniform field B with
momentum P follows a circular trajectory with radius p given
by (47):

Bp="10 (48)

q

In other words, the product of the field and the radius is a
function only of the particle momentum and charge. We also
notice that the particular combination Py/q is exactly that
which appears in the normalisation of many physical quantities
in beam dynamics.

The quantity Bp, called the beam rigidity, is often used instead
of Py/q. Note that the beam rigidity does not refer to a
specific field strength or radius of curvature of the trajectory: it
should be thought of as simply another way of writing the
reference momentum Fj.
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Beam Rigidity

The beam rigidity is useful because it gives a more intuitive way
of writing many formulae than using the reference momentum.
For example, the curvature 1/pg of the trajectory of a particle
with the reference momentum Fy in a field of strength By is:

1 _aBo_ Bo (49)
po Fo  Bp

For a high-energy particle (Eg > mocz), the beam rigidity can
be conveniently calculated from:

Eo[eV]
c[m/s]
where the energy Ej is expressed in electron-volts, the speed of
light is expressed in meters per second, and the beam rigidity
Bp is given in tesla-meters.

Bp[Tm] =~

(50)
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Summary

The entrance and exit faces of dipoles are often made parallel
so that the beam does not enter or exit the magnet normal to
the face. The effect of these pole face rotations is to introduce
an additional focusing, that acts in both the horizontal plane
(because of the geometry of the magnet) and the vertical plane
(because of the fringe field of the magnet).

The fringe field of a solenoid results in a kick in the mechanical
momenta. However, in canonical coordinates, this kick is
cancelled by the change in the magnetic vector potential when
entering or exiting the solenoid. Thus, the transfer matrix for a
solenoid fringe field in canonical coordinates is the identity.

Quadrupoles have chromatic effects which, strictly speaking,
are nonlinear; but ought not be ignored.

The beam rigidity is often used as an alternative to the
reference momentum.
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Appendix: Transfer Matrices

The transfer matrix for a drift space of length L is:

1 L00O0 O
01000 O
001LO O
R=|lp0010 0 (51)
L
00001 3,
00000 1
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Appendix: Transfer Matrices

The transfer matrix for a dipole of length L and vertical field
strength Bg is:

sinwl l—coswL
COSs CL)L Tw O O O TOW
—wsinwL coswL 0 0 O S'%SUL
0] 0] 1 L O 0
= 2
R 0 0] 010 0 (52)
_sinwl _1—coswL 00 1 L  wL-—sinwL
Bo wBo B3 wp
0 0 0O 0O 1
— —
where w = kg = POBO'
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Appendix: Transfer Matrices

The transfer matrix for a combined-function dipole of length L
and vertical field strength B is:

cos w, L sine.l 0 0 0 e
—wg SiNwy L coS wy L 0 0 0 %S”‘w—‘”L
R= 0 0 coshw,L =M=l g 0
0 0 wy SinhwyL coshwyL 0O 0
__kosinw, L ko (1—cosw,L) 0 0 1 L Kk (w,L—sinw,L)
Bo  ws Bo w? 53’73 BS w3
0 0 0 0 0 1
(53)
where:
wy = \/ k3 + k1, wy = \/k1 (54)
The field is:
Yy XT
By = by—, By = by + bo—, Bs=20 (55)
ro ro
and the normalised field strengths are:
q q bo
ko = —-b1, k1= —— (56)
Po Poro
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Appendix: Transfer Matrices

In the “hard edge” approximation, the transfer matrix for a
dipole fringe field (exit and entrance) is:

1 O O O 0O

Ky 1 0 000

| o o1 000
B=1 "9 0K, 100 (57)

0] O O 010

0] 0] O 01

where
Ki = —L Bytan (58)
P

Bg is the dipole field strength, and ) is the rotation angle of
the pole face. A dipole with a “rectangular” footprint has
parallel pole faces, with the rotation angle ¢ positive for each
pole face.
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Appendix: Transfer Matrices

The transfer matrix for a normal quadrupole of length L is:

coswL ~ SNwlL 0 O 0 O
—wSinwlL coswlL 0] _ 0] 0]
B 0 0  coshwr SMwL o g
R= 0 0  wsinhwl coshwl 0 O (59)
0 0 0 0 1 L
B3VE
0 0 0 0 0 1
where
q bo
= k1, ki=—_-— 60
w 1= Do (60)
and the quadrupole field is:
By = by 2, By = by—, Bs =0 (61)
’I“O ’]"O
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Appendix: Transfer Matrices

The transfer matrix for a skew quadrupole of length L is:

2(cos<uL+<:osth) - (sinwL 4+ sinhwl) 2(COSwL7COSth) %1 (sinwL —sinhwL) 0 0
——w (sinwL — sinhwL) %(COSwL—I—COSth) ——w (sinwL +sinhwl) (coswL —coshwL) 0 O
2(cosWL—costh) 2 —(SinwL —sinhwlL) 2(cos(uL—i-(:osth) 5c (SinwL +sinhwL) 0 0O
2 (sinwL + sinhwL) 2(cos<,uL—costh) 2 (sinwL —sinhwL) 5 (coswL +coshwl) O O
0 0 0 0 1 55
0 0 0 0 o 1
(62)
where
q as
W =/ k1s, kis = —— (63)
Poro
and the quadrupole field is:
L Y
0 0
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Appendix: Transfer Matrices
The transfer matrix for a solenoid of length L is:
cos?wl  Sn2ebl o Lgip . sinwl g
9sin2wl  cos?wl —wsin?wL Asin2wl 0 O
. in2
R ~isinowr  —Sel cos2wp  SIR2WL g 0
wsin?wl  —5sin2wl -¥sin2wl cos?wLlL 0 O
0 0 0 0 1 L
60'70
0 0 0] 0 0O 1
(65)
where
1
w=ks = =—By (66)
2P,

and Bg is the solenoid field strength. In the “hard edge”
approximation, the transfer matrix for the fringe field of a
solenoid is the identity.
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Appendix: Transfer Matrices

The transfer matrix for a TMg1g9 RF cavity of length L = n/k
(where k = 2w frp/c for RF frequency frp) is:

cos | isin P 0 0 0 0
—Ysing,  cosy 0 0 0 0
b 0 0 cos | isin v 0 0
- 0 0 —%sing,  cosy 0 0
0 0 0 0 cos ﬁwﬁ sin
0 0 0 0 —,8378% sin cos 1
(67)
where:

b = [T COS ¢ qu _ \/Ta COS ¢ (68)
2 Y080

and, for “RF voltage” V (which includes the transit time
factor):
_aVv

o Poc (69)

-
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