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Distance to singularity and ssv - 1

o Let M € C" "™, det(M) # 0 (w.l.g.). Define A C C"™*":
A = {diag[611ry,...,05lrg, Agt+1,..., AgtF]:
0; €C,Agy; €C™M”Mi1<i<S5,1<j<F}
where Z%g:l r; + ZF 17 = n.

j:
e Define the ‘“structured distance to singularity’ of M:

ra(M) =min{||A]: A € A,det({ — AM) =0}
and the 'structured singular value” of M:

pa(M) = rt (M)
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Distance to singularity and ssv - 2

Problem has applications in:

e Robust control: Structured distance problems to stability,
controllability radius, etc.

e Numerical Analysis: Structured condition number, approximate
GCD of polynomials, pseudo-spectra of operators, etc.

Example: Suppose that a(s) and b(s) are monic relative-prime
polynomials with da(s) = m and 9b(s) = n. What is the minimal
magnitude perturbation in their coefficients such that the perturbed
polynomials have a common root?
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Distance to singularity and ssv - 3

Define Sylvester matrix:

Rm,n(a’, b) =

T hen:

(1 apme1 o ag O 0 )
1 Qypy—1 a1 Qg O
0 1l a1 a1 Qg
BPn-1 DBn—2 bo O - O
1 Bpa 1 Bo -+ O
0 1 B b1 Bo )

(a,b) co-prime < Rank(Rmmn(a,b)) =m-+n
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Distance to singularity and ssv - 4

“Perturbed” Sylvester matrix:

( 0 61 6o -+ 80 O --- 0 \
o 0 6,1 -+ 6 &g --- O
0O O . 0 6,1 -~ &1 &g
Rm)n(a, b> _I_ O en_l 671—2 ... eo O . .. O
0 0] €n—1 - €1 €0 0
\ 0 0 o0 ey1 - € 60)

and hence the uncertainty in this case has ‘‘structure’”. Hence
original problem is equivalent to the computation of a s.s.v:
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Distance to singularity and ssv - 5

Theorem: Define v = max{ |éo],.--,|0m—_1], |eol,---,|en—1| } and
v* = min{y : (a,b) have a common root}. Then,
. 1
T —1
ua(—Z Rk (a,b)©)
where
A = {diag(d;,—1In, ---,00ln, €n—1Im, -..,€0lm)}
o — I, I, ‘On,m -+ On,m
Ommn -+ Om,n‘ I, --- Im
Z'=((Z23n) - @@ - @b
and

Lk /
Znm = (On,k—l-l In On,m—k—l)
for k=0,1,...,m — 1.
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Distance to singularity and ssv - 6

e In general, the computation of pa is a non-convex NP-hard
problem.

e To compute upper bound first note that:
pAt (M) = min{||A] : A € A, det( — MA) = 0}
=min{||A| : A € A,det(M~! - A) =0}
> min{||A| : det(M~1 — A) =0}
= || M||~?
so that pa (M) < ||M].
e [0 tighten bound define:

D={D=D">0:DA=ADVY A€ A}
Then for any De D, A € A: D/2A = ADY/2,
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Distance to singularity and ssv - 7

e Hence:

uAt (M)

min{||A|l : A € A,det(/ — MA) = 0}

= min{||A| : A € A,det(I — MD~Y2AD1/2) =0}

= min{||A]| : A € A,det(I — DY?MD1/2A) = 0}
e \We then have relaxation bound:

pa(M) < min | DYZMDTHZ| = fia (M)

Since:
|IDY2MD™Y?|| <y e ~+?D - M*DM >0

the computation of pao (M) now reduces to a convex
programming problem.
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Reducing the duality gap: ua — pua (1)

e Solve: pg = minpep ||DY2MD~1/2|| and let D, be a minimiser.
o Re-define: M « pus D 2MD; 2 so that: fia(M) = | M| = 1.

e If multiplicity of largest s.v. of M ism =1, paA(M) = pua(M).
Therefore assume that m > 1.

o Let M € C™*"™ have (ordered) SVD:

M=UsV*= (U U2)< 0 22><v2*>

3o :=diag(om41,---10n), Opmt1 < 1.
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Reducing the duality gap: ua — pa (2)

e Define A =371 =diag(Im, Ap) where Ay =diag(a,,41,---,an),
1 < Gpm+1 < - < an.

e Consider perturbation matrix A € C*X"™;

A1 Ao mxm
A = , Aq1€C
<A21 Aoo H

e Solve, or at least calculate upper bounds:
¢1 := max{p(V{AU1) : A € BA} < $1 <1

¢o = max{||[Vi'AU1|| : A € BA} < ¢p <1
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Reducing the duality gap: pua — ua (3)

Then:
ra = pa (M)
= min{||A|| : A € A,det(/ — AM) =0}
= min{||A] : A € A,det(I — AUZV*) = 0}

= min{||A| : A € A,det(I — V*AUX) = 0}

= min{||A|| : A € A,det(A - V*AU) = 0}
> min{|A]l : p(A11) < B1] A [|A11]] < Bol|All, det(A — A) = 0}

= PA(M) = iy " (M)
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Reducing the duality gap: ua — ua (4)

e in(M) can can be obtained analytically and ga(M) < pa(M).

e Calculation of ¢1 (¢71): Since

= max p(V;FAU1) = max p(AU; VT
b1 A€BAP( 1 AU7) AeBAP( 1V7)

'— max A M,
AeBAp( 0)

= pua(Mp)
this is a ssv problem of reduced rank.

e Calculation of ¢5 (¢5): Use convex relaxation (LMI):

> _ 2 - _ 72
¢5 = max [[V{AU||* < min , v = ¢5
AEBA DED,D—V4V§>0,4/1—-Uy' DU >0

e Lemma: ¢ = ¢o; infpep ||DYV2MD=1/2|| =1 = ¢ = ¢ = 1.
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Sequence of relaxation problems

General problem:

YA,; = Min{||A],det(A - A) =0,A11 € Aq1}

where:

e A1 ={0€C:0|<9},0<¢p <1 (m=1)
e A11 = {Omxm}

e Ay; ={A1n}h[[A11]l £1,17# A(A11)

e A1y ={A11:[[A11 £1,1 ¢ AM(A11)}

e Ay; ={A11:p(A11) < 91, [1A11]] < @2}
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Breaching the convex bound

Theorem: Let 0<¢1<¢><1. Then

Ax" = min{]|A] : det(A — A) = 0,p(A11) < ¢1]|A]], |A11]] < dol| A}

=min{y>1:f (v, W) = apt1}
where: f (v, W) = (v —WV)(y I —w)~ 1 and

( 0, j<i )
\UZ]:< ‘¢.171 5 o J =1 ,
_ (e T om0
\ <¢2) ¢z I >

Also: (i) ¢1 < 1= pa(M) <1 and ga(M) <1 (i) pa(M) = pa(M)
iff 3A € A s.t.

Vl*AUl = A (M)W VW,
for unitary W. []
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Note: W is Toeplitz upper triangular. For example, if m = 4,

with

o =

p1 a By
_| 0 ¢1 a B
V=10 o0 b1 o
1 0 0 0 ¢1 |
D291 5 919591  _ (P1y295 4]
¢ b2 P2 ¢2 ¢2

Note: The calculation of ga (M) is a 4m x 4m e-value problem. Set
a=am,i1, and Wy =W +W* Thena= |y -WV)y I-wv) ! =

det

1 —

O I O O]
O O I O
O O O I

| a’] —a?Ws (a? — D)WY Wy

=0

Hence /131 is the smallest real e-value larger than one of a 4m X 4m

matrix.
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P2: Quadratic Integer Programming problem

o QIP Problem has the form:

v :=max{z'Qzx :z c {-1,1}"}
where Q = Q' of mixed inertia in general.

e This needs 2" (or 27~ 1) function evaluations which grows
exponentially in n.

e Classical NP-hard problem with many applications in Control,
Statistics, Graph Theory (“max-cut”), etc.
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Example: Max-cut problem 1

Given a graph defined by:

e Vertex set V =14{1,2,...,n}

e Edge set F = {(4,j) :i,j €
Vii# g}

e For § C V capacity is num-
ber of edges connecting a
node in S to a node not in
S.

e Max-Cut problem: Find
S C V with maximum ca-
pacity

(S
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Example: Max-cut problem 2

e Define adjacency matrix:
Qij =1 if (i,j) e B

=0 otherwise

e Specify cut by vector x € R":
x; =1 ifee S

= —1 otherwise
o If (¢,7) € S, 1 —x;2z; = 2. Hence capacity:

1 .n n

c(x) = Zi; jzl(l — x;%5) Q4

e Thus max-cut can be formulated as: min{z’'Qz : z € {—1,1}"}.
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QIP: Convex relaxation - 1

e Let D =diag(D), D—Q >0. Then for all z € {—1,1}"™:
t'Qz = 2’ Dz — trace(D) —2'(D — Q)z + trace(D)

= —2/(D — Q)x +trace(D) (2?2 =1)
< trace(D) (D-Q >0)
e T his results in the convex relaxation:
vy=max{z'Qzr :x € {-1,1}",Q =Q"}
< min{trace(D) : D = diag(D),D — Q > 0}
=7

e Let D, be the (unique) optimal solution and define V such that
R(V) =Ker(Dy, —Q), V*V = I,. If r = 1 duality gap is zero.
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QIP: Convex relaxation - 2

Solve RRQIP problem:

1
I —max{x’VV’a: rxe{-1,1}"}
n

Then: y=~v& vy = 1.
Provided ~, < 1,

¥ <F=n(l =) (Do— Q) <7
where

Ay (Do — = min A (Do —
HDo = Q= By P~ @)

Note that Rank(VV’) = r < n (typically r < n).

Reduced-rank problem has complexity O(n") and can be solved
efficiently using theory of zonotopes, hyperplane arrangements
and linear programming [Avis, Fukuda].
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General characteristics of method - 1

e u-problem: o QIP problem:
~1 :
= min A — !
H AcA det(I—AM)=0 121 v g;e{nlalﬁ}nx @
is NP-hard. is NP-hard
e Formulate and solve dual: e Formulate and solve dual:
Get (ug, Do) s.t. Get (7, D,) s.t.
min ||DY/2MmD~1/2)) S = min trace(D
DeD 7 D=diag(D),D—Q>0 (D)
M « pz DL 2MmDy Y2 s.t. D =diag(D), D—Q >0
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General characteristics of method - 2

e Sufficient condition for zero

duality gap: p =1 if m =
null(l — MM*) = 1.

Duality gap can be
breached if we can solve
a rank-m pu problem (or
get a bound less than 1):
maxaepa p(AULVT)
Improved bound obtained
via the solution of an eigen-
value problem of dimension
Am X 4m.

e Sufficient condition for zero

duality gap: v = v if r 1=
null(Dy, — Q) = 1.

Duality gap can be
breached if we can
solve a rank-r QIP
problem of the form
Yr = %maxwe{_l,l}na;’vv’m.
Improved bound can be ob-
tained by calculating the
eigenvalues of a symmetric
matrix.
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Conclusions and Open Issues

e Development of efficient algorithms for low-rank p problems.

e EXxploit similarities in solutions. Can method be generalized to a
large class of problems involving convex relaxations (e.g. new
class of primal/dual algorithms)?

e Can approach be combined with probabilistic relaxation
methods?
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