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Standard and Jordan Triples

Standard and Jordan triples (U, T, V) for

m
P(A) =) _NA, A €C™, det(Ay) #0.

J=0

» Introduced and developed by Gohberg, Lancaster and
Rodman.

» Play a central role in the theory of matrix polynomials.

» Extend notion of Jordan pair (X, J) for A € C™".

Aim: study standard and Jordan triples of structured
matrix polynomials.
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Structured Matrix Polynomials

P(X) =Y, VA, Aj e F™", F =R,C, det(An) # 0.
Structure Definition Coeffs property
Hermitian P(X\) = P*(\) A= A
symmetric P(\) = PT()\) A=A
skew-Hermitian | P(\) = —P*()\) A=A
*-even P(\) = P*(—)\) A= (-1YA*
*-0dd P(A) = =P*(=)) | Aj=(—1)Ax
x-palindromic P(X) =A"P*(3) | A=AL
x-antipalindromic | P(X) = —A"P*(3) | Aj = —Ax_;

Here x = T (transpose) or x = * (conjugate transpose).
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NLEVP Toolbox

Collection of Nonlinear Eigenvalue Problems: T. Betcke,
N. J. Higham, V. Mehrmann, C. Schroder, F. T., 2011.

» Quadratic, polynomial, rational and other nonlinear
eigenproblems.

» Provided in the form of a MATLAB Toolbox.

» Problems from real-life applications + specifically
constructed problems.

http://www.mims .manchester.ac.uk/research/
numerical—-analysis/nlevp.html
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Structured Quadratics from NLEVP

n x n quadratic Q(\) = \2M + \D + K.

speaker box (pep, gep, real, symmetric).
n = 107. Finite element model of a speaker box.
IM|l2 =1, ||D|l2 =5.7 x 1072, ||K|]2 = 1.0 x 107,

wiresaw1 (pep, gep, t-even, ..., scalable).
Gyroscopic QEP from vibration analysis of a wiresaw.
M=MT",D=-D", K=KT.

railtrack (pep, gep, t-palindromic , sparse).
n = 1005. Model of vibration of rail tracks under the
excitation of high speed trains. M = K7, D= D'.

gen_tantipal2 (pep, gep, real, T-antipalindromic,
., random). T-anti-palindromic QEP with eigenvalues
on the unit circle.
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Inverse Polynomial Eigenvalue Problem

Construct n x n P()\) of degree m having a given list of
elementary divisors, (A — X)), i=1:8,j=1: 4 <n.

» Use procedure in the proof of Thm. 1.7 in Matrix
Polynomials, Gohberg, Lancaster, Rodman, 1982.

@ This procedure does not generate structured
matrix polynomials.

» Use (S-structured) standard triples.
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Standard Triples for Matrix Polynomials

(U, T) is an (m, n)-standard pair over F if T € F™*™ and
U € F™™ are such that det Q(U, T") # 0, where

urm
QU,T) = U -
U}

(U, T, V)is an (m, n)-standard triple over F if (U,T) is a
standard pair over F and V = Q(U, T) '(e; ® N) € Fm™<n
for some nonsingular N € F™".

A Jordan triple (X, J, Y) is a standard triple for which
T = Jis in Jordan form.
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Generating P()) from Jordan Triple

An mn-standard triple (X, J, Y) uniquely generates an n x n
matrix polynomial P(\) = Zj’lo NA; via

Am = (XJ™ 1Y),

m
An_j = —Am Z XJHUYAL, j=1,...m.

i=m—j+1
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Generating P()) from Jordan Triple

An mn-standard triple (X, J, Y) uniquely generates an n x n
matrix polynomial P(\) = >-", ¥A; via
An=(XJ"TY)T
m
Anj=—An > XJTYA, j=1..m

i=m—j+1

When P()\) is structured, (X, J, Y) has extra properties.

E.g., for symmetric structures, (X, J, Y) is self-adjoint, i.e.,
Y =8XT,5=S8",JS=(JS)".

Frangoise Tisseur Standard triples 8/15


http://www.mims.manchester.ac.uk/

° P()\) = Z/nlo )\jAj, Aj € IF"X", det Am 7§ 0

e Consider structures in S € S, where

S = {Hermitian, symm., x-even, x-odd, T-even, T-odd,
x-palindromic, x-antipalind., T-palind., T-antipalind.}.

e If S € {T-palindromic, T-antipalindromic} and m = 2k
then either —1 ¢ A(P) or 1 ¢ A(P).
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S-structured Standard Triple

Definition (Al-Ammari, T. 11)

A standard triple (U, T, V) is S-structured if there exists a
nonsingular S s.t.

US = V*uy(T), S'TS=1t(T), S 'V=vy(T)U"

Structure S ug(T) ts(T) vs(T)
Hermitian/symmetric / T I
*-even —1 — 7 /
*-0dd / =7 /
*-palind., m =2k + 1 _7r(k=1) T—* Tk
*-palind., m = 2k —THE=ND( 4T | T | (14 o771

aeFst a*a=1and —a ¢ (T)
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S-structured Standard Triple

Definition (Al-Ammari, T. 11)

A standard triple (U, T, V) is S-structured if there exists a
nonsingular S s.t.

US = V*uy(T), S'TS=1t(T), S 'V=vy(T)U"

Theorem (Al-Ammari, T., 11)

P(X) has structure S if and only if P()\) admits an
S-structured standard triple, in which case every standard
triple for P(\) is S-structured.

S is the S-matrix of the S-structured triple (U, T, V).
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Example: x-even Structure

» (X,d,Y) with matrix S is S-structured iff
Y=8X*, §=-8% JS=(J9)~.

» Jisin Lie algebra of scalar product defined by S—.

» Eigenvalues of J occur in pairs (X, —)\).

» If A =iB, u € Rthen A\ = —X so no pairing for purely
imaginary eigenvalues but have sign characteristic.

i =P Jdy(=8) B (Im(—Fij) & I (— 1))
j=1 =1

r S . 1
iS =@ F, & Fomy (5= +1), Fei= L . L .
=1 =t x
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Construction of x-even Jordan Triples

m=2,(X,J,SX*), S = —S*, JS = (JS)*.

» Build J, S from given list of elementary divisors and
assign sign characteristic s.t. 2;21 (1—(=1)%e=0.

» Construct X € C"™?" g t.

det [))(;’ ] £0, det(XJSXT)£0, XSXT = 0.

» Can show that X = [X; X;0]W' satisfies XSXT = 0,

e X; € C™" nonsingular,
e O € C™" unitary,
e W orthogonal s.t. WTSW = —i[} 1.
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Example of x-even Quadratic
J=(101e[2i]@ " F]e[-1+il@[1+i]),

S:—i((—1)[1]®(+1)[1]@(*1)[1 1] s [1 1D
X =X Xx;o|w',

1
with WTSW = —i[F S]and X; =0 = L 1 1 Then,

11 =i
Ay = (XJSX*)"' =05 {1 -3 3 ], (A = A7)

i -3 —1

—i 0 -1
A1 = _AQXJZSX*AQ = |:O i 4 :| , (A1 = *AT)

1 -4 3j

0 0 0
Ay = —As(XJPSX*Ar + XPSX*Ag) = {o 0 —zf] L (A = AY).

0 2i 4
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x-palindromic Structure

If Q(\) = M2A; + MA; + Ay is =-even then

M(Q)(N) = (M + 1)20(%) (Mébius transform)

= X2Q(1) + A\(—2A; +2A0) + Q(1)*

is x-palindromic.

» Use Mdbius transform \; — p; := A+1 ! to map list of
elementary divisor for M(Q)(\) to one for Q(\).

» Solve the x-even inverse quadratic eigenproblem, i.e.,

compute A,, Aq, Ao.
» Compute M(Q)()).
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» Introduced the notion of S-structured standard
triples.

» Used S-structured Jordan triples to solve structured
inverse quadratic eigenvalue problems.

» Need to better understand:

e Signature constraint for structured polynomials.
e Sign characteristic at oc.
e Effect of Mbbius transforms on standard triples.
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