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The Maxwell eigenvalue problem
n = 2,3 and poly(gon/hedr)al boundary

Q C R" - compact connected
and

1 - magnetic permeability and € - electric permittivity, both L*°

'<e(x)<c
Je>1 for almost all x € Q
P<ux)<c
Eigenfrequencies w € R
Electromagnetic fields E and H (n=3) or H (n=2)
lE = iwpu H
curlE =jwp H cu(; u wH
n=3 I<E:urIH = —Io,(;EE < 8/—/) —iweE » n=2
X 90—
. “Q Exn [QQ: 0

n - outer normal vector to Of2.



Basic context

Problem. Given a subspace £ on 2 generated by “standard” finite
elements, extract from £ “certified” information about (E,w).

In matrix form, writing (E, H) = (,/¢E, VEH) for n = 3, we get

e 0 0  curl\ [e® 0 E\ (E
0 p ) \—icurl 0 0 u*)\H —“\A

M=underlying self-adjoint operator :D(M)— L2(£2;C37—3)

Some remarks.

(a) M = M* is strongly indefinite (spectrum symmetric w.r.t. 0).
(b) (E,H) = grad¢ = (E,H) € ker(M) - infinite-dimensional.
(c) Vector elements and mixed formulation for e.v.p. See [Boffi. Acta

Numerica 2010] & [Arnold, Falke & Winter. Bull AMS 2010]. No
“one-sided” bounds for eigenvalues. Not certified?

(d) What about nodal elements?

(e) Maybe use widely available computer packages, commercial or
otherwise, and get certified information up to machine precision.



Nodal elements can fail dramatically
Galerkin method with Lagrange elements order 5 in Q = [0, 7).
Calculations here and elsewhere fixing ;+ = € = 1. Unstructured mesh

with 3092 dof. The true o(M) = {i 2+ k2} .
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5

Eigenvalues
-

‘%

o
©
%

0.6

0.5

o
3
O \

20 40 60 80 100
Index

The 100 eigenvalues of the reduced problem Ml v = Av near w =1



A general view of the strategy

Philosophy.

Certain matrix polynomials, where the coefficients are obtained from the
action of M on L, give certified information about o(M). Proofs usually
involve a spectral mapping argument.

Concrete aim.
Compute enclosure w € (w™,w™) and u € L such that, for Mv = wv,

[u— v

<clwh —wT)P
[[ull

Actual strategy. Assuming we know nothing about o (M)

1. Find a (big) interval [a, b] N o(M) = {w} from the second order
spectrum of M relative to L. [Boulton & Strauss, Proc. Royal. Soc.
A 2011] and references therein.

2. Find w® and u from an extension of the Temple-Lehmann-Goerisch
method [Zimmermann & Mertins, Z. Anal. Anwendungen 1995] and
[Davies & Plum, IMA J Numer. Anal. 2004]. Results below are
ongoing research with Boussaid & Barrenechea: we found p =1/2.



Test region Q = [0, 71]?

Enclosure for the first 100 positive eigenvalues (not counting multiplicity)
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Test region Q = [0, 7]? \ [r/2, 7]?

[Boffi etal, 1999]

We fixed order r = 5 in this table

k ~ Wk (wk)t [1] (wk)i [2] (ak, bk) dof

1| 0.768102684 0.78 0.773335% (0.316,1.14) | 98733
2 | 1.196779010 1197 | 1.19678275578%  (1,1.73) | 69213
3| 1.999784988 200006 | 2.0000000000015 (173 202) | 8253
4| 2.148306309 2.148 | 2.148483682[11  (2.02,2.21) | 69213
5| 2252760528 2.28 2.2573%9 (2.17,2.79) | 81018
6 | 2828075317 2.8288 2.82842712479  (2.24,2.85) | 8253
7| 2938491109 2.081 2.9467389 (2.85,3.07) | 81018
8 | 3.075901493 3.07/1 | 3.075892074782  (3,3.36) | 81018
9 | 3.390427701 3.43 3.39807377 (3.08,3.74) | 81018



Eigenfunctions on test region

For the previous table, the “E" component ug of u are as follows.

©=0.7783 ©=1.197 =2 ©=2.148

©=2.257

Colours are |ug| with ||ugl|ec = 1 and the arrows point towards ug.



Test region Q = [0,7)* \ ([0, 7/2]* x [7/2,7])

Lagrange order r = 3, unstructured mesh maximum element size h = 7/8

_ 950
w =273z

Electric field ug Magnetic field uy



The second order spectrum of M relative to £L C D(M)

def forAecC 0#vecl
(M= Xu,(M-=X)v)=0 VvecL
J0#ueC?  (Ke—2\,+NBru=0
Ke = [(Mbj, Mby)] L = [(Mbj, bi)] B = [(bj, bi)]
Theorem A. [Shargorodsky 2001]
M€ 0a(M, L) = [ReX — [ImA[, ReA + [ImA|] N (M) # @

A€ oy(M, L)

Theorem B.
Let £, C D(M) be an h > 0 dependant family of finite element spaces.
Denote by v, € L, the finite element interpolant of v € D(M). If

lun — ullomey < cl|ullhP for Mu = wu,

then there exists wp, Wp € 02(M, L) such that |wy — w| = O(hP/?).
Moreover the algebraic multiplicities match.



The Goerisch-Zimmermann-Mertins enclosure
For p € R consider the following eigenvalue problem

find v e £\ {0} and 7 € R such that P.)
(M = p)u, (M — p)v) = (M — p)u, v) YveLl g
Theorem C.

Let a < b such that a, b ¢ o(M). Suppose that (P,) has at least m,
positive eigenvalues 0 < Tfa <...< T}r and that (Pj) has at least mj,
negative eigenvalues 71 < ... < 7™ < 0. Then M has

- at least j eigenvalues in [a,a + (7} ) ] forall j € {1,...,m,}
- at least k eigenvalues in [b+ (7-_) ,b] for all k € {1,...,mb}

Corollary D.
Suppose that [a, b)) N (M) = {w}. If (P,) has a positive eigenvalue and
(Pp) has a negative eigenvalue, then

b+ (T1)71 <w<a+ (Ti)fl
—_——— —_———

w wt



Approximation of eigenvectors

find u € £\ {0} and 7 € R such that P.)
(M=), (M=) = (M= pJuv)  wee 7

Theorem E.

Suppose that [a, b No(M) = {w} and let M = fab dE, be the spectral
projection associated to [a, b]. There exists a constant ¢ > 0 only
dependant on a, b and M but independent of £ such that, if (P,) has a
positive eigenvalue with associated eigenvector u™ and (P}) has a
negative eigenvalue with associated eigenvector u—, then

10 = M| < e(w —w™)|u]].



Convergence for Lagrange elements

Lagrange finite element spaces r > 1

Vi(k) = {vy € [CO(Q)]* : vi ke [P (K)]" VK € Tp}
Vi o(n) ={vs €V : v, xn=0on 0N}
Ln= Vpo(n) x Vi(2n—3)  C Hy(curl; Q) x HY(Q)
Ly= eVjo(n) x/uVi(2n—-3) cD(M)

Theorem F.
Suppose that [a, b] N o(M) = {w}. Let w € (w;, ,w;) and u; be the
enclosure and normalised eigenvector found by applying Corollary D and

Theorem E above with £ = L£,. If an associated eigenfunction of w is
H™1(Q), then

ot
wh —w™ = 0(h") and ”(/”il)luh = O(h)
Up



Size enclosure

How sharp is Theorem F
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The approximated spectral distance

An important ingredient in the proof of Theorems A, B, C and
Corollary D is the close examination of the pseudospectrum of the
quadratic matrix polynomial

Q(A) = (K —2ALg + N*By)

[Higham & Tisseur, SIAM J. Matrix Anal. Appl. 2001] and also
[Boulton, Lancaster & Psarrakos, Math. Comp. 2007].

F(t):minw G(Z):minw

uel Ilull vel ||ul|

F?(t)=G(t) teR



